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Equilibrium Statistical Mechanics of Fermion 
Lattice Systems 

Huzihiro Araki * and Hajime Moriya ^ 


Abstract 

We study equilibrium statistical mechanics of Fermion lattice systems 
which require a different treatment compared with spin lattice systems 
dne to the non-commntativity of local algebras for disjoint regions. 

Our major result is the equivalence of the KMS condition and the 
variational principle with a minimal assumption for the dynamics and 
without any explicit assumption on the potential. Its proof applies to spin 
lattice systems as well, yielding a vast improvement over known results. 

All formulations are in terms of a C*-dynamical systems for the Fermion 
(CAR) algebra A with all or a part of the following assumptions : 

(I) The interaction is even, namely, the dynamics at commutes with the 
even-oddness automorphism 0. (Automatically satisfied when (IV) is as¬ 
sumed.) 

(II) The domain of the generator 5a of at contains the set Ao of all strictly 
local elements of A. 

(III) The set Ao is the core of 5a- 

(IV) The dynamics at commutes with lattice translation automorphism 
group T oi A. 

A major technical tool is the conditional expectation from A onto 
its C*-subalgebras A{1) for any subset I of the lattice, which induces a 
system of commuting squares. This technique overcomes the lack of tensor 
product structures for Fermion systems and even simplifies many known 
arguments for spin lattice systems. 

In particular, this tool is used for obtaining the isomorphism between 
the real vector space of all >i=-derivations with their domain Ao, commut¬ 
ing with 0, and that of all 0-even standard potentials which satisfy a 
specific norm convergence condition for the one point interaction energy. 

This makes it possible to associate a unique standard potential to every 
dynamics satisfying (I) and (II). The convergence condition for the po¬ 
tential is a consequence of its definition in terms of the !i<-derivation and 
not an additional assumption. 

If translation invariance is imposed on *-derivations and potentials, 
then the isomorphism is kept and the space of translation covariant stan¬ 
dard potentials becomes a separable Banach space with respect to the 
norm of the one point interaction energy. This is a crucial basis for an 
application of convex analysis to the equivalence proof in the major result. 

Everything goes in parallel for spin lattice systems without the even¬ 
ness assumption (I). 

‘Mailing address: Research Institute for Mathematical Sciences, Kyoto University. 
Kitashirakawa-Oiwakecho, Sakyoku, Kyoto, 606-8502 Japan 

^Mailing address: Institute of Particle and Nuclear Studies, High Energy Accelerator Re¬ 
search Organization (KEK), 1-1 Oho, Tsukuba, Ibaraki, 305-0801, Japan. 


1 



Contents 


1 Introduction 3 

2 Conditional Expectations 9 

2.1 Basic Properties . 9 

2.2 Geometrical Lemma. 12 

2.3 Commuting Square. 13 

3 Entropy and Relative Entropy 14 

3.1 Definitions. 14 

3.2 Monotone Property. 16 

3.3 Strong Subadditivity . 16 

4 Fermion Lattice Systems 17 

4.1 Fermion Algebra. 17 

4.2 Product Property of the Tracial State. 19 

4.3 Conditional Expectations for Fermion Algebras. 20 

4.4 Commuting Squares for Fermion Algebras. 25 

4.5 Commutants of Subalgebras. 25 

5 Dynamics 31 

5.1 Assumptions . 31 

5.2 Local Hamiltonians. 32 

5.3 Internal Energy. 36 

5.4 Potential. 37 

5.5 General Potential. 40 

6 KMS Condition 41 

6.1 KMS Condition. 41 

6.2 Differential KMS Condition. 42 

7 Gibbs Condition 44 

7.1 Inner Perturbation. 44 

7.2 Surface Energy. 45 

7.3 Gibbs Condition. 46 

7.4 Equivalence to KMS Condition. 47 

7.5 Product Form of the Gibbs Condition. 50 

8 Translation Invariant Dynamics 52 

8.1 Translation Invariance and Covariance. 52 

8.2 Finite Range Potentials. 57 

9 Thermodynamic Limit 60 

9.1 Surface Energy Estimate. 60 

9.2 Pressure. 63 

9.3 Mean Energy. 66 


2 































10 Entropy for Fermion Systems 67 

10.1 SSA for Fermion Systems. 67 

10.2 Mean Entropy. 68 

10.3 Entropy Inequalities for Translation Invariant States. 69 

11 Variational Principle 69 

11.1 Extension of Even States . 70 

11.2 Variational Inequality. 72 

11.3 Variational Equality. 73 

11.4 Variational Principle. 77 

12 Equivalence of Variational Principle and KMS Condition 78 

12.1 Variational Principle from Gibbs Condition. 78 

12.2 Some Tools of Convex Analysis. 79 

12.3 Differential KMS Condition from Variational Principle. 84 

13 Use of Other Entropy in the Variational Equality 88 

13.1 CNT-Entropy. 88 

13.2 Variational Equality in Terms of CNT-Entropy. 89 

14 Discussion 92 

A Appendix: Van Hove Limit 99 

A.l Van Hove Net. 99 

A.2 Van Hove Limit.102 


1 Introduction 

We investigate the equilibrium statistical mechanics of Fermion lattice systems. 
While equilibrium statistical mechanics of spin lattice systems has been well 
studied (see e.g. [17], [23] and [40]), there is a crucial difference between spin and 
Fermion cases. Namely, local algebras for disjoint regions commute elementwise 
for spin lattice systems, but do not commute for Fermion lattice systems. Due 
to this difference, the known formulations and proof in the case of spin lattice 
systems do not necessarily go over to the case of Fermion lattice systems and 
that is the motivation for this investigation. An example of a Fermion lattice 
system is the well-studied Hubbard model, to which our results apply. 

It turned out that, in the matter of the equivalence of the KMS condition and 
the variational principle (i.e. the minimum free energy) for translation invari¬ 
ant states, we obtain its proof without any explicit assumption on the potential 
except for the condition that it is the standard potential corresponding to a 
translation invariant even dynamics, a minimal condition for a proper formula¬ 
tion of the problem. Without any change in the methods of proof, this strong 
result holds for spin lattice systems as well - a vast improvement over known 
results for spin lattice systems and a solution of a problem posed by Bratteli and 
Robinson (Remark after Theorem 6.2.42. [17]). In addition to this major result, 
we hope that the present work supplies a general mathematical foundation for 
equilibrium statistical mechanics of Fermion lattice systems, which was lacking 
so far. 
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There are two distinctive features of our approach. One feature is the central 
role of the time derivative (i.e. the generator of the dynamics). On one hand, 
this enables us to deal with all types of potentials without any explicit conditions 
on their long range or many body behavior, as long as the first time derivative 
of strictly localized operators can be defined. On the other hand, the existence 
of the dynamics for a given potential is separated from the problems treated 
here and we can bypass that existence problem via Assumption (III) below. 

Another feature is the use of conditional expectations instead of the tensor 
product structure traditionally used for spin lattice systems. They provide not 
only a substitute tool (for the tensor product structure), which is applicable for 
both spin and Fermion lattice systems, but also a method of estimates which 
does not use the norm of individual potentials, for which we do not impose any 
explicit condition. 

The main subject of our paper is the characterization of equilibrium states 
in terms of the KMS condition and the variational principle, which have an 
entirely different appearance but are shown to be equivalent. They refer to 
canonical ensembles in the inhnite volume limit. However, they also refer to 
grand canonical ensembles if the dynamics is modihed by gauge transformations 
with respect to Fermion numbers [11]. Namely, in the language of potentials, we 
may add a one-body potential, which consists of the particle number operator (s) 
times c-number chemical potential(s), and then the canonical ensemble for the 
so-modified potential is the grand canonical ensemble for the original potential, 
so that the grand canonical ensemble can be studied as a canonical ensemble 
for a modified potential, which is in the scope of our theory. 

For the sake of notational simplicity, our presentation is for the case of one 
Fermion at each lattice site. Our results and proofs hold without any essential 
change for more general case where a finite numbers of Fermions and hnite spins 
coexist at each lattice site. The even-oddness in that case refers to the total 
Fermion number. For example, for Hubbard model, there are two Fermions at 
each lattice site, representing the two components of a spin 1/2 Fermion. 

Our starting point is a C*-dynamical system {A, at), where A is the C*- 
algebra of Fermion creation and annihilation operators on lattice sites of 
with local subalgebras -4(1) for finite subsets I C Z^ and at is a given strongly 
continuous one-parameter group of ^-automorphisms of A. 

Since the normal starting point in statistical mechanics is a potential, a 
digression on our formulation and strategy starting from a given dynamics may 
be appropriate at this point. The KMS condition, which is formulated in terms 
of the dynamics, is one of two main components of our equivalence result. On 
the other hand, the variational principle, which is formulated in terms of the 
potential, is the other main component. Therefore both dynamics and potential 
are indispensable for our main results and their mutual relation is of at most 
importance. 

The key equation for that relation is the following formula. For any operator 
A localized in a hnite subset I of the lattice, its time derivative is given by 

^at(A) = at{i[H{l), A]) 

where H{1) is described as a sum of potentials ??(J), based on a hnite subset J 
of the lattice, the sum being over all J except those J for which <?(J) commutes 
with any A localized in I, thus H{V) depending on I. 
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The problem of construction of at from a given class of potentials is not a 
straight-forward task and has been studied by many people. As a result, a large 
number of results are known for quantum spin lattice systems (see e.g. [17]) and 
most of them can be applied to Fermion lattice systems. There are also some 
specific analyses for Fermion lattice systems (see e.g. [29]). 

In parallel, the equivalence of the KMS condition and the variational princi¬ 
ple for translation invariant states has been proved for a wide class of potentials 
for quantum spin lattice systems. The same proof also works for Fermion lattice 
systems in most cases; for example this is the case for finite range potentials 
(see e.g. page 113 of [30]). 

While these results cover a wide range of explicit models, it seems difficult 
to decide exactly which class of potentials determine a dynamics and to show 
the equivalence in question in most general cases (which is not explicitly known) 
from the potential point of view. 

In the present work, we do not intend to make any contribution to the prob¬ 
lem of either construction of a dynamics from a potential, or giving a complete 
criterion for potentials, which give rise to a unique dynamics. (Thus we do not 
directly contribute to the study of explicit models.) 

On the contrary, we avoid these difficult problems by assuming that the 
dynamics is already given (since this is needed in any case for the KMS con¬ 
dition) and prove the equivalence result in question under minimal (general) 
assumptions on the dynamics, explained immediately below. 

Note that we do not make any explicit assumptions about the existence of 
a potential for a given dynamics nor about its property (such as the absolute 
convergence of the sum defining H{1) in terms of the potential). 

For any given dynamics, for which all finitely localized operators have the 
time derivative at t = 0 (Assumption (II) below) and which is lattice translation 
invariant (Assumption (IV) below), we show the existence of a corresponding 
potential, of which H (I) is a sum (as in usual formulation) convergent in a well- 
defined sense. 

We now explain our assumptions and interconnection of dynamics with po¬ 
tentials in more detail. The following two assumptions make it possible to 
associate a potential to any given dynamics satisfying them. 

(I) The dynamics is even. In other words, a* 0 = 0 at for any t G R, where 0 
is an involutive automorphism of A, multiplying —1 on all creation and annihi¬ 
lation operators. 

(II) The domain D{6a) of the generator Sa of at includes Ao, the union of 
all A(I) for all finite subsets I of the lattice. 

It should be noted that Assumption (I) follows from Assumption (IV) below. 
(See Proposition 8.1.) 

We denote by A(Ao) the set of all ^-derivations with Ao as their domain 
and their values in A, commuting with 0 (on Ao). Then the generator 6a of 
our at, when restricted to Ao, belongs to A(Ao). 

It is shown that A(Ao) is in one-to-one correspondence with the set V of 
standard even potentials, which are functionals ^(I) of all hnite subsets I of 
the lattice with values in the self-adjoint 0-even part of the local algebra A(I), 
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satisfying our standardness condition and a topological convergence condition 
(Theorem 5.13). 

The topological convergence condition ((^-e) in Definition 5.10) is required 
in order that the potential is associated with a ^-derivation on Ao and refers to 
the convergence of the interaction energy operator for every finite subset I 

H{1) = ^{<I>(K); Knl^0}, 

K 

where a finite sum is first taken over K contained in a finite subset J and the 
limit of J tending to the whole lattice is to converge in the norm topology of 
A. (If this condition is satisfied for every one-point set I = {n} (n G Z''), then 
it is satisfied for all finite subsets I.) Note the difference from conventional 
topological conditions, such as summability of |i??(I)|| over all I containing a 
point n, which are assumed for the sake of mathematical convenience. 

For <P G V, internal energy U{T) and surface energy W{1) are also given in 
terms of ^ by the conventional formulae for every finite I. 

The connection of the derivation 5 and the corresponding potential is given 

by 


5A = i[H{l),A] (AGyl(I)). 

Due to the 0-evenness assumption (I), the replacement of H{\) by H(K) with 
K D I gives the same 6 on -4(1), a necessary condition for consistency. 

The standardness ((^-d) in Definition 5.10) is formulated in terms of condi¬ 
tional expectations and picks up a unique potential for each 6 G A(Ao). Without 
the standardness condition, there are many different potentials (called equiv¬ 
alent potentials) which yield exactly the same 5 through the above formulae. 
Through the one-to-one correspondence between (5(g A(-4o)) and ^(g V), any 
dynamics at satisfying our standing assumptions (I) and (II) is associated with 
a unique standard potential (P G V. This is a crucial point of our formulation, 
leading to our major result. 

When we want to derive a statement involving at from a condition involv¬ 
ing the potential we need the following assumption, guaranteeing the unique 
determination of at from the given (P: 

(III) Ao is the core of the generator Sa of the dynamics at ■ 

For the discussion of variational principle, we need the translation invariance 
assumption for the dynamics: 

(IV) atTk = Tkat, where Tk, k G Z'', is the automorphism group of A rep¬ 
resenting the lattice translations. 

The above Assumptions (I) - (IV) are the only assumptions needed for our 
theory below. On the other hand, if a potential <P (say, in the class V) is first 
given for any model, it is a hard problem in general to show that the correspond¬ 
ing derivation 5<i, G A(-4o) is given by some dynamics satisfying Assumptions 
(II) and (III), or equivalently that the closure of 5<p is a generator of a dynamics 
(i.e. it can be exponentiated to a one-parameter group of automorphisms of -4). 
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We now present our main theorem after the explanation about the variational 
principle and its ingredients. The set Vt of all translation covariant potentials 
in V forms a Banach space (Proposition 8.8) with respect to the norm 

\\n^\\H{{n})\\, 

which is independent of the lattice point n. The finite range potentials are 
shown to be dense in Vt with respect to this norm and to imply separability of 
Vt (Theorem8.12 and Corollary8.13). 

In terms of this norm, we obtain the energy estimate 

l|c/(i)|| < lli?(i)l! < ||<i>|| - III, 

where |I| is the cardinality of I (Lemma8.6). Then the conventional estimate 
for W (I) follows. These estimates are used to show the existence of the thermo¬ 
dynamic functionals, such as pressure P{'V) and mean energy e^{uj). All these 
estimates are carried out by the technique of conditional expectations without 
using the norm of the individual ??(I). 

For any state w of A, its local entropy S'y!i(i)(w) = >5'(w|^(i)) is given as 
usual by the von Neumann entropy S{-). Due to the non-commutativity of local 
algebras for disjoint regions, not all known properties of entropy for spin lattice 
systems hold for our Fermion case [33]. However, the strong subadditivity of 
entropy (SSA) for Fermion systems holds. Then the existence of the mean 
entropy s(w) for any translation invariant state w for Fermion lattice systems 
follows by a known method of spin lattice systems. 

The variational principle refers to the following equation for a translation 
invariant state Lp oi A for a given translation covariant potential <?(€ Vt) and 
/3e R: 


= s{ip) - Pe,p{(p) (1.1) 

Our major result can be formulated as the following two theorems. 

Theorem A. Under Assumptions (II) and (IV) for the dynamics at, any trans¬ 
lation invariant state, which satisfies the KMS condition for at at the inverse 
temperature (3, is a solution of the equation (1-1), where <P is the unique stan¬ 
dard potential corresponding to at ■ 

Theorem B. Under Assumptions (II), (III) and (IV) for the dynamics at, 
any solution (p of (1.1) satisfies the KMS condition for at at (3. 

Remark. These two theorems hold also for spin lattice systems. 

We now present an over-all picture of the proof of our main results above. 
The proof of Theorem A and Theorem B will be carried out through the follow¬ 
ing steps: 

(1) KMS condition Gibbs condition. 

(2) Gibbs condition Variational principle. 

(3) Variational principle dKMS condition on Ao. 

(4) dKMS condition on Ao ^ dKMS condition on D{Sa). 

(5) dKMS condition on D{6a) => KMS condition. 
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Assumptions (I) and (II) are used throughout (l)-(5). Assumption (IV) is 
used for the formulation of the variational principle and necessarily for (2) and 
(3). It is also used to derive Assumption (I), which is not included in the premise 
of Theorems A and B. 

Assumption (III) is used only for (4). 

The differential KMS (abbreviated as dKMS) condition in (4) and (5) refers 
to a known condition, which is entirely described in terms of the generator Sa 
of at and without use of at (Definition 6.3). This condition on the full domain 
D{5a) of the generator 5a of at is known to be equivalent to the KMS condition 
(which is Step (5)). The differential KMS condition for our purpose is the 
condition for the restriction of 5a to Ao- Thus we need to show Step (4) using 
the additional assumption (III) on at- 

For Steps (1) and (2), we follow the proof for spin lattice systems in principle. 
However, the Gibbs condition for Fermion lattice systems requires a careful 
definition. We define the Gibbs condition for a state Lp as the requirement that 
the local algebra M(I) is in the centralizer of the perturbed functional ^ 

which is obtained from (/? by a perturbation /3i7(I), for each finite subset I of 
the lattice (Definition7.1 and Lemma7.2). When M(I) and AiV) commute (as 
in the case of spin lattice systems), this condition reduces to the product type 
characterization which was introduced and called the Gibbs condition by Araki 
and Ion for quantum spin lattice systems [5]. With our definition of the Gibbs 
condition, we have been able to prove Steps (1) and (2). 

The product type characterization mentioned above is the condition that 
ippH(i) jg product of the tracial state of M(I) and its restriction to the 
complement algebra M(F). In the present case of Fermion lattice systems, we 
show that a Gibbs state satisfies this condition if and only if it is an even state 
of A (Proposition 7.7). 

The same kind of formulation and result are valid for a perturbation (3W (I). 

For Step (3) as well as for the proof of the variational equality 

P(P<P) = sup |s(w) -/3e<z>(w)|, (1.2) 

which is crucial for the variational principle, we need a product state of local 
Gibbs state. For this purpose, we have a technical result about the existence of 
a joint extension from states of local algebras for disjoint subsets of the lattice 
to a state of the algebra for their union, which holds if the individual states are 
even possibly except one (Theorem 11.2). 

As an aside, the converse of Step (1) is shown under Assumptions (I), (II) 
and (III) (Theorem 7.6). 

A major tool of our analysis is the C*-algebra conditional expectation Ei : 
A 1 -^ M(I) with respect to the unique tracial state r of A. Its existence is shown 
not only for finite subsets but for all subsets I of the lattice (Theorem4.7). Based 
on the product property of r for subalgebras M(I) and M(J) for disjoint I and 
J, we obtain the following commuting square of C*-subalgebras (Theorem4.13) 



for Fermion systems. (It holds trivially for spin systems.) 

yl(lUJ) —^ A{1) 

I I Sinj 

^(J) -^^(inj). 

This serves as a replacement for the tensor-product structure in traditional 
arguments for spin lattice systems. 

As by-products, we obtain a few useful results on the CAR algebra: The 
even-odd automorphism 0 is shown to be outer for any infinite CAR algebra 
(Corollary 4.20) and formulae for commutants of A(I) and A(I)+ in A for finite 
and infinite I are obtained (Theorem 4.17 and Theorem 4.19). 

Some more results contained in this paper are as follows. 

We show the validity of the variational equality (1.2) when the Connes- 
Narnhofer-Thirring entropy /laj('r) with respect to the group of lattice translation 
automorphisms r is used in place of the mean entropy s(w) (Theorem 13.2). 
Note that our system {A, r), where t denotes the group of lattice translation 
automorphisms, does not belong to the class of C*-systems considered in [34], 
being a non-abelian system. 

We define general potentials as those which satisfy all conditions for those 
in V except for the standardness. They include all potentials satisfying the 
following condition: 


Y.\\m\\<^ ( 1 . 3 ) 

I9n 

for every lattice point n. For each general potential, the corresponding H(l) 
and d are defined and there is a unique standard potential in V with the same 
d as a given general potential as described earlier. 

Restricting our attention to those general potentials satisfying (1.3) (a con¬ 
dition which is introduced also in some discussion of spin lattice systems), we 
are able to show by a straightforward argument that the set of solutions of vari¬ 
ational principle for a general translation covariant potential satisfying (1.3) co¬ 
incide with those for the equivalent standard potential (which is automatically 
translation covariant) (Remark 1 to Proposition 14.1), although the pressure 
and the mean energy may be different between the two potentials. 

2 Conditional Expectations 

2.1 Basic Properties 

The following proposition is well-known (see, e.g., Proposition 2.36, Chapter V 
[43]). 

Proposition 2.1. Let M be a von Neumann algebra with a faithful normal 
tracial state r and J\f be its von Neumann subalgebra. Then there exists a 
unique conditional expectation 

E^{a) € U 
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satisfying 


T{ab) = T{Ej^{a)b) 


( 2 . 1 ) 


for any b € Af. 


Remark. A conditional expectation is linear, positive, unital, and satisfies 


E^{ab)=E^{a)b, 


Ej:fiba)=bE^ia), 


( 2 . 2 ) 


for any a G M and b G N', and 


\\E^\\ = 1 - 


(2.3) 


We shall obtain a C*-version of this proposition for the Fermion algebra in 
§ 4, where A4 and JV are C*-algebras with a unique tracial state r. The main 
step of its proof is the existence of E^{a) G N for every a G A4 satisfying (2.1). 
Once it is established, the map Ej^ is a conditional expectation by standard 
argument, which we formulate for the sake of completeness as follows. 

Lemma 2.2. Let M. be a unital C*-algebra with a faithful tracial state r and 
Af be its subalgebra containing the identity of AA. Suppose that for every a G A4 
there exists an element E^{a) of Af satisfying (2.1). Then the map E-^ from 
AA to Af is the unique conditional expectation from AA to N with respect to t, 
possessing the following properties: 

(1) Ejif is linear, positive and unital map from AA onto Af. 

(2) For any a G AA and b G Af, 

Ej^fiab) = E^{a)b, E^(ba) = bE^{a). 

(3) Ej)f is a projection of norm 1. 

Proof. First we prove the uniqueness of Ejfl{a) G Af satisfying (2.1) for a given 
a G AA. Let a' and a" in Af satisfy (2.1), namely, 


T{ab) = T{a'b) = T{a"b) 

for all b G Af. Then 

T{b{a' — a")) = 0. 

By taking b = {a' — a")* and using the faithfulness of t, we obtain a' — a" = 0, 
hence the uniqueness of Ej(f{a) G Af for each a G AA. 

Except for the positivity, (1) and (2) can be shown in the same pattern as 
follows. Let a = ciOi + 0202 where 01,02 G AA and ci,C 2 G C. Then for any 
& G Af, 

t(o 5 ) = cit(oi 6 ) + C2T{a2b) = ar (Ej)^ {ai)b) + C2t(Ej^(o2)&) 

= T{{ciEjf^{ai)-G C2E^{a2)}b). 
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Since ciEj^{ai) + C 2 Ej^{a 2 ) € N', the uniqueness already shown implies 

ciE^iai)+C2Ej:fia2)=Ej^ia). 

Therefore, Ej^ is linear. 

In the same way, for any a € A4 and b G Af, 

T{abb') = T (^Ej^ {a)bb'^ 

holds for all b' G Af and hence 


Ej^iab)=Ejy{a)b. 

Also 


T(bab') = T^ab'b) = ri^Ej^ {a)b'b) 

= T{bE^{a)b') 

implies 

E^{ba) = bE^{a). 

If a G A/", then the identity T{ab) = T(Ej^{a)b) with b G Af and the uniqueness 
result imply 


Ej^ia)=a. 

Therefore Ej^ is a map onto Af. By taking a = 1 (g Af), we have 

A^(l) = l. 


Hence E^ is unital. 

Since E^{a) G Af for any a G AA, we have E^[Ej)f{a)) = Ej)f{a). There¬ 
fore E^ is a projection. 

To show the positivity of the map Ej)f, we consider the GNS triplet for the 
tracial state tj^ of Af (which is the restriction of r to Af) consisting of a Hilbert 
space a representation of Af on and a unit vector G , 

giving rise to the state tj^{A) = t{A) = {A)fl ^) for A G Af. 

If a G Ad and a > 0, then for b G Af 

{7Tfmf,7:fiE^ia))7Tfib)n^) = TM{b*E^{a)b) 

= Tj\f (^Ej)f {a)bb*') = T{abb*) = rib*ab) > 0. 

Since irff (b)f2^, b G Af \s dense in , we obtain 

T^{E^{a))>G. 

Since is faithful. 


E^{a)>0, 


and the positivity of Ej)^ is shown. 
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For any a € M, the faithfulness of implies 

IK(«)II 

= |KfW(a))|| 

= sup U{TTf {bi)nf, {nf {E^{a))}Trf {b 2 )( 2 f) \ ; ||7r^(6i)f2^|| < 1 , || 7 r^( 62 )t 2 ^|| < l) | 
= sup \\{T{blEj^{a)b 2 ) \ ; < 1 , r(&;& 2 ) < l} 

= sup {\{T{blab 2 ) \ ; < 1, T{blb 2 ) < l| 

&i,b2 6A/’^ ^ 

sup {\{^^{b,)f2^, ^^{a)^^{b 2 )Q^)\ ; Ik;^(6i)f2^|| < 1, \\^^{b 2 )Q^\\ < l) } 


biMeAf 

< |k;^(a)|| = ||a||, 

where we have used the cyclicity of (Af) for for the second equality, 

T{blEj^ia)b2) = T{Ej^ia)b2bt) = r(a 62&0 = T{btab2). 

for the fourth equality, and the same computation backwards replacing Af by 
A4 for the fifth equality. Due to Ej!f{l) = 1 and (2.4), we have 

lli^^ll =1- 


(2.4) 


We have completed the proof. 


□ 


2.2 Geometrical Lemma 

Let us consider finite type I factors (i.e., full matrix algebras) A4 and Af such 
that A4 D Af. We have the isomorphisms A4 ~A/’(8)A/’i,A/’~A/’(8)l, and 
T = Tj\f (S) Tj\/^ where A/i = Af n A/”' is a finite type I factor. 

A conditional expectation satisfying (2.1) is given by the slice map: 

Ej:fibb,)=T{bi)b (6e AA,&1 G AAi). (2.5) 

We give this E^ a geometrical picture which we find useful. We introduce 
the following inner product on A4: 

< a, b >= T(a*b), {a,b€AA). 

A4 is then a (finite-dimensional) Hilbert space with this inner product. Let Pj^ 
be the orthogonal projection onto the subspace A/" of Af. We show that is 
the same as Ej^ as a map AA ^ N. 

Lemma 2.3. With the notation above, 


P^a = E^ia). 


( 2 . 6 ) 


for any a G A4. 
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Proof. Any a G M can be decomposed as a = P^a + a' where a' G Jf-^. For 
any b G Af, we have b* G N and hence 


T{ab) = <b*, a >=< b*, Pj/a > + < b* , a' > 

= <b*, P^a>=T{iP^a)b). 

Since Pj^a G Af, it follows from Proposition 2.1 that 

P^a = E^ia). 

□ 


2.3 Commuting Square 

We introduce the following equivalent conditions for a commuting square. (See 
e.g. [21].) 

Proposition 2.4. Let Ai,Afi,Af 2 and V be finite type I factors satisfying 
A4 D Afi D V, AAd Af2G>V. 

Then the following conditions are equivalent: 

il) 

(2) E^^U,=E^- 

(3) V=AfinAf 2 and Ej^^Ej^^ = Ejf^Ejfl 

(4) Ejfl^Ejf{=E^ 

(5) Ejf{Ej:f^ = E^. 

Proof. {!) (4): 

Assume (1). Let a G A4 and b G V. By the assumption, we have 

E^^{E^fia))=E^^{E^^ia))Gr. 

due to E^^ (a) G • On the other hand, 

r {Ej^^ {E^^ (a))b) = r (Ej^^ (a)b) (due to & G (P c)Afi) 

= r (ab) (due to 6 G (P C)Af 2 ). 

Hence E^^ {Ej^.ia)) = E^{a) and so = E^ . 

The converse is obvious: for a G N 2 , (4) implies 

(a) = E^ {a) = E^^ (a) = (a) 

and hence {!). 

(2) ^ (5) : 

Exactly the same proof as above, with Afi and interchanged. 

(4) ^ (5): 

Assume (4). By Lemma2.3, (4) implies 

pA^ r)A4 _ pAt 

'^A/2 - • 
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Taking adjoints, we obtain 


dAI pA^ _ tdM 


This implies 


it'A^ jip-M. _ zt'A^ _ pA^ pAt 

^^2 - ^Afi ^J\f2 ’ 

the last equality being due to (4)- 

Due to Afi D V and D V, we have V C Mi A^. If 6 € A/i n M 2 , then 
b = E^^E^^{b) = E^{b)&V 

by {4)- Hence V = Mi n A^. This completes the proof of (4) (5). 

Assume (3). For any a G M, (3) implies (a)) = £1;^ (a)) G 

A/i n A /2 = 7^ because the range of is Mi and the range of Ej^^ is M 2 ■ For 
any b gV and a G M, 

T iE^M)b) = r (E^Mb) = r{ab). 

Hence Ej^^[Ej^^{a)) = E^{a). This implies {4)- 
(5) ^ (5)- 

Exactly the same proof as above, with Mi and M 2 interchanged. □ 


3 Entropy and Relative Entropy 

3.1 Definitions 

We introduce some definitions and related lemmas needed for formulation of the 
main result of this section. 

Lemma 3.1. Let Mi be a finite type I factor. 

(i) Let (p be a positive linear functional on Mi. Then there exists a unique 
p,p G Mi-i (called adjusted density matrix) satisfying 

(p{a) = T{p,pa) 


for all a G Mi. 

(ii) Let M he a subfactor of Mi and Lpjp he the restriction of (p to M. Then 

Pvj,r ~ (Pv) 

Proof, (i) is well-known. 

(ii) For b G M, pjp{b) = p{b) = T{p^b) = T{E^{p^)b). Since E^{p^) G M+, 
we have 

P(PM‘ = E^ {Pip)- 


□ 
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Remark. The above definition of density matrix is given in terms of the tracial 
state in contrast to the standard definition using the matrix trace Tr. Hence 
we use the word ‘adjusted’. 

Definition 3.2. Let p^p be the adjusted density matrix of a positive linear func¬ 
tional p of a finite type I factor. Then 

= -V3(log/5v) 

is called the adjusted entropy of ip. 

Remark. The adjusted density matrix and the adjusted entropy for a type I„ 
factor Af with the dimension Tr(l) = n are related to the usual ones by the 
following relations: 

= npp, S{(p) = S{(p) - (p{l)\ogn. (3.1) 


The range of the values of entropy is given by the following well-known 
lemma. 

Lemma 3.3. If M. is a type In factor and p is a state of JLi, then 

0 < S{p) < logn. (3.2) 

The equality S{p) = 0 holds if and only if p is a pure state of M. The equality 
S(p) = logn holds if and only if p is the tracial state t of M.. 

Definition 3.4. The relative entropy of g and a in Af+ as well as that of 
positive linear functionals p and are defined by 

S{a, g) = T(£<(log£<-logo-)) (3.3) 

S'(V’, p) = p{\ogpp-\ogp.^){=T(^Pp\ogp^-p^logp.^^). (3.4) 


Remark. S{ip, p) remains the same if /5<^ and pp are replaced by the density 
matrices p^ and pp with respect to Tr. The right-hand sides of (3.3) and (3.4) 
are well-defined when g, ct, p^ and pp are regular. Otherwise, one may define 
them as the limit of regular cases, for example by taking the limit e ^ 0 for 
(! — £)(/?-I-er, (1 —£)^-|-£r for (3.4), and similarly for (3.3). The value of S'(^, p) 
is real or -|-oo for positive linear functionals p and fj. 

The following lemma is also well-known. 

Lemma 3.5. Let p and be states. Then t) non-negative. It vanishes 
if and only if p = ip. 

Remark. We note that there are different notations for the relative entropy 
and that we adopt that of Araki [8] and Kosaki [25]. In comparison with our 
notation, the order of two states is reversed in that of Umegaki [45], while both 
the order of states and the sign are reversed in that of Bratteli and Robinson 
[17]. 


15 



3.2 Monotone Property 

Under any conditional expectation E and under restriction to any subalgebra, 
the relative entropy is known to be non-increasing: 

S{ipoE, ip o E) < ( 3 - 5 ) 

Si'ipM, w) < Siip, v)- ( 3 - 6 ) 

(For example, ( 3 . 6 ) is Theorem 4.1(iv) of [25]. ( 3 . 5 ) follows from Theorem 4.1(v) 
of [25], because if is a Schwarz map [44].) 

When we want to exhibit the dependence of entropy on M. more explicitly, 
we use the notation Sm and Sm instead of S and S. The relation between the 
entropy and the relative entropy for a state p is given by 

S{p) = -S'(t, p) = S{p) - S{t). 

Note that S{t) = logn for a type I„ factor M. 

We identify M with M ® {M n Af') and use the notation pjp 0 TMnN’- We 
also identify A G Af c M with A 0 1 G Af 0 (Ad n Af'). 

Lemma 3.6. Let Ai D Af he finite type I factors, and p be a state on A4. Then 
S^iPAf) - SjuiT) = Sm{tm ® TMnAr',T) = Sm{t° ( 3 - 7 ) 

Proof. If is a faithful state, we show the above identity by a straight-forward 
calculation. If p is not faithful, we add £ • r to (1 — e)p and then take the limit 
£ ^ 0 . □ 


Remark. S in the above Lemma cannot be replaced by S. 

3.3 Strong Subadditivity 

If the system under consideration enjoys the commuting square property with 
respect to a tracial state, the strong subadditivity property for the adjusted 
entropy S holds (see Theorem 12 in [35]). 

Theorem 3.7. Let Ad,A/i,A 2 and V he finite type I factors satisfying one of 
the equivalent conditions of Proposition 2.4. Let ip he a state on Ad. Then 

S{iP) - S{iPmJ - S{iPm,) + S{i,v) < 0. (3.8) 

Proof. By (3.7) and (3.5) 

Sm. {i’M .) - Sm if’) = SM{i’o E^^, if) >SM{i>oE^^oE^^,i,o E^^) 

By the assumption, Ej^^E^^ = = E^. Hence, 

SMif^o Ej^p{o E^^, ipo E^J = SMif’r ®TMnv', 'ipMi<^TMnMp) 

= SjpigPv^TMinV', ipMi) 

= Sp{ipv) - Sjp.igpjPi), 

where the second equality is due to tmov = TVinP' ® the last 

equality due to (3.7). Therefore we obtain (3.8). □ 
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4 Fermion Lattice Systems 

4.1 Fermion Algebra 

We introduce Fermion lattice systems where there exists one spinless Fermion 
at each lattice site and they interact with each other. The restriction to spinless 
particle (i.e., one degree of freedom for each site) is just a matter of simplihcation 
of notation. All results and their proofs in the present work go over to the case 
of an arbitrary (constant) finite number of degrees of freedom at each lattice 
site without any essential alteration. 

The lattice we consider is i/-dimensional lattice H' (y G N, an arbitrary 
positive integer). 

Definition 4.1. The Fermion C*-algebra A is a unital C* algebra satisfying 
the following conditions and generated by elements in ( 1 - 1 ): 

(1-1) For each lattice site i G W, there are elements at and a* of A called 
annihilation and creation operators, respectively, where a* is the adjoint of at. 
(1-2) The CAR(canonical anticommutation relations) are satisfied for anyi,j G 
IT: 


{a^jUj} — dijl 

{a*, a*} = {ai,aj} = 0. ( 4 . 1 ) 

Flere {A, B} = AB BA (anticommutator), 5ij = 1 for i = j, and dij = 0 for 
* J - 

(1-3) Let Ao be the ^-algebra generated by all Oi and a* (i G IT), namely the 
(algebraic) linear span of their monomials Ai ■ ■ - An where Ak is 04 or a*^, 
ik G TA . 

(2) For each subset I ofTA, the C* -subalgebra of A generated by ai, a*, i Gl, is 
denoted by A{1). If the cardinality |I| of the set I is finite, then A(V) is referred 
to as a local algebra or more specifically the local algebra for I. For the empty 
set 0, we define A{%) = Cl. 


Remark 1. Ao is dense in A. 

Remark 2. For finite I, A(I) is known to be isomorphic to the tensor product 
of |I| copies of the full 2 x 2 matrix algebra M 2 (C) and hence isomorphic to 
M 2 ii|(C). Then 

Ao= \J A(I) 

|I| <CXD 

has the unique C*-norm. A together with its individual elements {ai, a*\i G Z^} 
is uniquely defined up to isomorphism and is isomorphic to the UHF-algebra 
(g)jgzi^M 2 (C), where the bar denotes the norm completion. A has the unique 
tracial state t as the extension of the unique tracial state of A(I), |I| < 00. 

Remark 3. Since a*’s and afs anti-commute among different indices, a* and 
ai with a specific i can be brought together at any spot in a monomial, with 
a possible sign change (without changing the ordering among themselves), and 
this can be done for each i. Therefore, the monomials of the form 

A, •••A, (4.2) 
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together with 1 have a dense linear span in -4(1), where the indices ii, • • • ,ik G I 
are distinct and Ai^ is one of a*^, , a*^ ai^, a*^. 

Definition 4.2. 0^ denotes a unique automorphism of A satisfying 

0^(a,) = -a,, 0^(a*) = -a*, (i G I), (4.3) 

0i(a,) = a„ e^(a:)=a*, (z^I). 

In particular, we denote 0 = 0^ . 

The even and odd parts of A are defined as 

A+ = {o G -4 I 0(o) = a}, A- = {a G .4 I 0(a) = —o}. (4-4) 

Remark 1. Such 0 exists and is unique because (4.3) preserves CAR. It obviously 
satisfies 

02 = id. (4.5) 


Remark 2. For any a G -4(1), 

a = a+ + a_, a± = -(a±0(a)) (4-6) 

gives the (unique) splitting of a into a sum of a+ G A(I)+ and a_ G -4(I)_, 
where the even and odd parts of -4(1) are denoted by -4(I)+ and -4(I)_. 


Remark 3. For any a G -4_, we have 

T(a) = r(0(a)) = — T(a) = 0. (4-7) 

Lemma 4.3. Let I and J be mutually disjoint and Oa- G -4(I)ct, ba- G -4(J)o. 
where a = + or Then 


where 


Ocr&cr' = e{a,a')b^>aa, 


(4.8) 


e{a,a') = —1 if a = a =— 

= +1 otherwise. 

Proof. Since -4(1) is generated by Oi and a*, i G I, polynomials p of at and a*, 
i G I, are dense in -4(1). For any e > 0 and a given Oo-, cr = + or —. there exists 
a polynomial p, i.e. a linear combination p of monomials of a^ and a*, z G I, 
satisfying Wa^ — p\\ < £• Since = (l/2)(id + cr0) satisfies E^aa = a^ and 
II ActII = 1, we have 

||ACT(aCT -p)|| = IIoct - Peril < e 

where Pa = E„p. Since E„ selects even or odd monomials (annihilating others) 
according as ct is + or -, Pct is a linear combination of even or odd monomials 
of Qi and a*, z G I. Similarly there exits a linear combination of even or 
odd monomials of Oj and a*, j G J, satisfying || 6 ct' — Qa-'W < £■ Since the graded 
commutation relation (4.8) holds for p^- and q^', it holds for and feo-'- D 
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Definition 4.4. (1) For each k G IF, Tk denotes a unique automorphism of A 
satisfying 

Tfe(a-)=o*+fc, Tk{a,)=ai+k, fiG'FF). (4.9) 

(2) For a state ip of A, the adjoint action of Tk is defined by 

TtF{A) = ip{Tk{A)), (AgA). (4.10) 

Remark. The automorphism Tk represents the lattice translation by the amount 
k G IF. The map k G IF Tk & group of automorphisms: 


TkTl=Tk+U {k.lGiF). 

The subalgebras transform covariantly under this group: 

Tk{A{l)) =A{l + k), (4.11) 

where I + k = {i + k; r G 1} for any subset of I of 'E" and any k gE'^ . 

Definition 4.5. The sets of all states and all positive linear functionals of A 
are denoted by A'^ i and A^; the sets of all 0 invariant and all r invariant 
ones by A*^i, and A'^ji, A*^, respectively. For any subset I of E'', the 

set of all states of A(l) is denoted by .4(1)^ i; the set of all 0 invariant ones by 

-4(i);l 

Remark 1. Any translation invariant state is automatically even (see, e.g., 
Example 5.2.21 of [17]): 

A*+fi C Al% (4.12) 

Remark 2. For each subset I of E'', we can consider the set of all states 
{A(I )+}+1 on the even subalgebra A(l) + . There exists an obvious one-to-one 
correspondence between A(I)!j_® and {A(l)+}+ ^ due to (4.7) by the restriction 
and the unique 0 invariant extension. 

4.2 Product Property of the Tracial State 

The following proposition provides a basis for the present section. 

Proposition 4.6. //Ji and J 2 are disjoint, then 

T{ab) = T{a)T(b) (4-13) 

for arbitrary a G A(Ji) and b G A{32), 

Proof. It is enough to prove the formula when a and b are monomials of the 
form (4.2). Let a = A^a', where i G Ji, a' G A(Ji \ {i}) is a monomial of the 
form (4.2) and Ai is one of a*, Oj, a*aj, 0 ^ 0 *. We will now show 

T(ab) = T(Ai)T(a'b). (4-14) 
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If a'b is a 0-odd monomial, then T{a'h) = 0 by (4.7). If Ai is 0-even, then ab 
is odd and T{ab) = 0, implying (4.14). If Ai is odd, then Ai{a'b) = —{a'b)Ai. 
Hence 

T{ab) = T[Ai{a'b)) = -T[{a'b)Ai) = -T[Ai{a'b)) 

= 0 , 

where the third equality is due to the tracial property of r. So (4.14) holds in 
either case. 

If a'b is even and Ai is odd, then r(Hi) = 0 because Ai is odd and T{ab) = 0 
because ab = Ai(a'b) is odd. Again (4.14) holds. 

Finally, if a'b is even and Ai = a*ai, then a* commutes with a'b due to CAR 
and hence 


T{ab) = r((a*ai)(a'&)) = r(ai(a'6)a*) 

= T{^aia*{a'b)) (due to [a*, a'b] = 0) 

= ]f{{a*a, + aia*){a'b)) = ^T{a'b). 

The same formula for a'b = 1 yields T{Ai) = i and hence 

r(a6) = T{Ai)T{a'b). 

If a'b is even and Ai = aia*, the above formula holds in the same way. We have 
now proved (4.14) for all cases. 

Let a be now given by (4.2). By using (4.14) for ii, 12 , • • • , ik successively, 
we obtain 


T{ab) =r(A,J---r(A,Jr(&). 
The same equality for & = 1 yields 

r(a) =T(AiJ---T(A,J. 


Hence we have 


r(a6) = T{a)T(b). 


This completes the proof. □ 

We may say that the tracial state r is a ‘product’ state although A(Ji) and 
A(J 2 ) do not commute. We will show in the next subsections that this prod¬ 
uct property of the tracial state implies the commuting square property for the 
conditional expectations. 

4.3 Conditional Expectations for Fermion Algebras 

We prove the C*-algebraic version of Proposition 2.1 for the Fermion algebra A 
and its subalgebras. We note that A(I) is not a von Neumann algebra unless I 
is a finite subset of lA. Hence Proposition 2.1 is not directly applicable to the 
Fermion algebra. 
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Theorem 4.7. For any subset I ofTF, there exists a conditional expectation 


El a G -4 1—^ F/i(a) G -4(1) 

(4.15) 

uniquely determined by Ei{a) G -4(1) and 


T{ab) = T[Ei{a)b) {b G -4(1)). 

(4.16) 

For any second subset J of IF, 


Si(a) G-4(ln J) 

(4.17) 

for any a G -4(J), and 


EiEj = EjEi = Einj. 

(4.18) 

Proof. The C*-subalgebra of A generated by -4(1) and -4(F)+ is 
their tensor product and will be denoted as -4(1) 0 -4(F)+. Let 

isomorphic to 

F;«^l(id + 0i“). 

(4.19) 

It maps A onto -4(1) 0 -4(F)+. Since 


t(0^ {a)b) = r(0^ (o-b)) = T{ab) 


for all a G -4 and b G -4(1) ® -4(F)+, e[^^ satisfies (4.16). 

Since r is a product state for the tensor product -4(1) ® -4(F)+, there exists 
a conditional expectation E\^ from -4(1) ® -4(F)+ onto -4(1) satisfying (4.16), 
characterized by E^\cd) = T{d)c for c G -4(1) and d G -4(F)_|_ and called a slice 
map. Therefore 


El = (4.20) 

is a map from A onto -4(1) satisfying (4.16). By Lemma2.2, it is a unique 
conditional expectation from A onto -4(1) satisfying (4.16). 

To show (4.17), note that -4(J) is generated by -4(Jnl) and -4(JnF), namely, 
the linear span of products ab with a € -4(J n I) and b e -4(J n F) is dense in 
-4(J). Due to the linearity of Ei and ||£li|| = 1, it is enough to show (4.17) for 
such products. We have E[^\b) £ -4(F)+ and hence 

Ei{ab) = E^‘^\aE^'^\b)) = ar(£;f ^(6)) = ar(6) G -4(J n I), 
which proves (4.17). 

For any a G -4, Ej{a) G -4(J) and hence Ei(^E_i{a)) G -4(1 n J). For b G 
-4(1 nJ), (4.16) implies 

T{Ei(Ej{a))b) = T(Ej{a)b)) = T{ab), 

where the first equality is due to & G -4(1), while the second equality is due to 
b G -4(J). This equality and Ei{Ej{a)) G -4(1 n J) imply 

Einjia) = Ei(E.i{a)) 
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by the uniqueness result. By interchanging I and J, we obtain 

EiEj = EjEi = Eif^j, 

which proves the last statement (4.18). □ 

Remark 1. For spin lattice systems, the conditional expectation Ei can be 
obtained simply as a slice map with respect to the tracial state r. When spins 
and Fermions coexist at each lattice site, Ei can be obtained in exactly the 
same way as Theorem4.7 (by including spin operators in the even part ^(I)+), 
provided that the degree of freedom at each lattice site is finite (i.e. -4(1) is a 
finite factor of type I for any finite I). In all these cases, the results of our paper 
are valid as they are proved by the use of conditional expectations Ei. 


Remark 2. Theorem 4.7 can be shown by a more elementary (lengthy) method 
by giving Ei explicitly for a finite I and then giving Ej for an infinite J as a 
limit of for an increasing sequence of finite subsets I„ of tending to J. 
Proof presented above is by a suggestion of a referee. 

Corollary 4.8. For each subset I ojJE, 


Ei<$) = eSi. (4.21) 

Proof. For any a G A and b G .4(1), 

T(£;i(0(a))6) = T(0(a)6) 

= T(0{0(a)&}) = T(a0(6)) 

= T(F;i(a)0(6)) =T(0{F;i(a)0(5)}) 

= T{e{E,{a))b). 

Since .4(1) is invariant under 0 as a set, we have 0(i?i(a)) = i?i(0(a)) due to 
the uniqueness of Ei in the preceding theorem. □ 


We now show a continuous dependence of Ei on the subsets I of Z^. We use 
the following notation for various limits of subsets of Z^. If {Iq,} is a monotone 
(not necessarily strictly) increasing or decreasing net of subsets converging to a 
subset I of Z^, we write y I or Iq, \ I. For these cases, I = Uofa or I = flala, 
respectively. We use Iq, ^ I for the standard convergence of a net Iq, to I (i.e., 
limsupo, Iq = liminfa Iq = I). By i A IF (which is written without any index), 
we mean a net of all finite subsets tending to IF with the set inclusion as its 
partial ordering. (In the same way, we use J I.) In this case, J itself serves 
as the net index and it is a monotone increasing net. Later in § 9 and § 10, we 
use a more restrictive notion of a van Hove net {Iq} tending to IF or to ‘oo’ 
(see Appendix for detailed explanation). 

Lemma 4.9. Let {Iq} be an increasing net of (finite or infinite) subsets ofl 


such that their union is I. 

For any a G A, 



limAi^(a) = Ei{a). 

Oc 

(4.22) 

As a special case 1 = , 

lim ET(a) = a. 

(4.23) 
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Proof. Since polynomials of Oi and a*, i € 1, are dense in -4(1), there exists a 
finite subset Jn of I and a„ G -4(J„) such that 


\\Ei{a) - a„|| < 

n 

Because J„ is a finite subset of I and UqIq = I, there exists a finite number 
of Iq-, say, Iq(i),- • •la(fc), such that D J„. Since Iq- is a net, there exists 

an index > «(!), • • • , a{k). Since Iq is increasing, Iq^ D Iq(i) U- • • iQ(fc) D Jn. 
For any a > a„, la D Jn and so Ei^ (an) = Un- Hence by I D Iq, we have 

\\Ei^{a) - a„|| = ||F;i^(F;i(a) - a„)|| < ||Fii(a) - a„|| < - 

n 

due to ||i?i„|| < I. Thus 

\\Ei^i<^) - Ei{a)\\ < \\Ei^{a) - a„|| + \\Ei{a) - a„\\ < -, 

n 

for all a > an, which proves the assertion (4.22). □ 


Lemma 4.10. Let {Iq} be a deereasing net of (finite or infinite) subsets ofl'' 
such that their intersection is I. For any a G A, 

lim£ii^(a) = Ei{a). (4.24) 

Oc 

Proof. Let L^ be a monotone increasing sequence of finite subsets of such 
that their union is Z"^. For any e > 0, there exists kg such that 

||a- F;L,(a)|| < £ 

for all k > ke by Lemma 4.9. Hence 

Pi(a)-i?inL.(a)|| = ||i?i(a-F;L.(a))|| <e, (4.25) 

\\E,Ja)-E,^nLAa)\\ = \\E,^{a-E^,{a))\\<e (4.26) 

for all k > ke and all a due to ||i!ii|j < 1 and ||iiii,,|| < I. 

Since Iq \ I, we have (Iq n Lfc) \ (I n Lfe). Since is a finite set, there 
exists «£ such that IqIHL;;^ = inLfe^ and hence Ei^nh^ = for all a > ag. 

Therefore, we obtain 

\\EiM-Ei{a)\\ < \\EiAa)-Ei^nL,^a)\\ + \\Ei^nL,^a)-Eiia)\\ 

= \\Ei^{a) - Ei^nLi,^{a)\\+ \\EinL,,^ia) - Ei{a)\\ < 2s 

for all a > a^, where the first term is estimated by (4.26), and the second by 
(4.25). Hence we obtain 


limi?i_^(a) = £’i(a). 


□ 
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Theorem 4.11. If a net {Iq-} converges to I, then 


limi?i^(a) = Ei{a). 

Oi 

for all a G A,. 

Proof. By definition, ^ I means 

I = ( Gia>f3 la) = U/3 ( I^a>f3 Iq) ■ 


Set 


(4.27) 


— Ua>/3lQ5 J/5 — fda>/3la. 

Then \ I and J/j /’ 1. By Lemmas 4.10 and 4.9, there exists a /?£ for any 
given £ > 0 such that for all (}> fie 

\\Eji3{a) - Lli(a)|| < e, ||Sj^(a) - Lli(a)|| < £. 

Hence 


\\Ej^{a) - E}i,{a)\\ < 2s. 

Since D I /3 D J/ 3 , we have Ei^E^/s = Ei^, Ei^Ej^ = Ej^ and 
\\Ei^{a)-Ej^{a)\\ = \\Ei^{Ej,{a)-Ej^{a))\\<2e. 


Therefore 


||ifi,(a)-ifi(a)|| <3£ 

for all P > Pe- This proves (4.27). □ 

The following corollary follows immediately from the results obtained in this 
subsection. 

Corollary 4.12. For any countable family {!„} of subsets oflA, 

n“i^(i„)=.4(n“ii„). (4.28) 

Proof. Let J„ = and I = Then J„ \ 1. By (4.18), = 

Ej^ and hence Ej^ = YYk=i^ik- one hand, J„ C Ifc for fc = l,...,n, 
and hence .4(J„) C n^^;^.4(Ifc). On the other hand, a G n^^;^.4(lfc) satisfies 
^ik (a) = a for all k = 1, ..., n and hence ifj„ (a) = a G -4(J„). Therefore 

A{3n) = 0^_2”T(Ifc)- 

Since J„ D I, we have A{in) O .4(1) and hence 

0))T]^.4(I„) = r\'^^iA{3n) G> -4(1). 

For a G n))(Lj.4(J„), Ej^{a) = a for any n. Since lim„ifj„(a) = i?i(a) by 
Lemma 4.10, we have a = i?i(a) G .4(1). Now we obtain the desired conclusion 

n-1.4(I„) = .4(1). 


□ 
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4.4 Commuting Squares for Fermion Algebras 

In the following theorem, we show that any two subsets I and J of 'Ey are 
associated with a commuting square of the conditional expectations with respect 
to the tracial state r. For K C L C denote the restriction of i?K to A{L) 
by E^. Then it is a conditional expectation from A(L) to A(K) with respect to 
the tracial state. 


Theorem 4.13. For any subsets I and J oflF, the following subalgebras of A 
form a commuting square: 



Here the arrow from AfL) to A(K) represents the conditional expectation E^. 
Proof. It follows from (4.18) that 

77>I TTiIUJ _ 77'luj _ 77’J 77'IUJ 

which shows the assertion. □ 


4.5 Commutants of Subalgebras 

We are going to determine the commutants of subalgebras of A. 

Lemma 4.14. For a finite I, 

(A(I)+)'nA = A(F) + uiA(F), (4.29) 

where vi is a self-adjoint unitary in A(I)+ given by 

wi = Ui, v^ = a*ai - aiQ*. (4.30) 

iei 

and implementing 0^ on A. 

Proof. By CAR, 

a*Vt = -a*, OiVi = Oi, v^a* = a*, ViOi = -a*. 

Thus Vi anticommutes with Oi and a*, li j ^ i, Vi commutes with aj and a* 
due to Vi G A({i})+. Therefore for any a G A(I), we have 

(Adwi)a = uiouj = 0(a), (4-31) 


or equivalently. 


Via = 0(a)wi. 


(4.32) 
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For any a G -4(F), 


Via = avi- (4.33) 

Due to -yi is a self-adjoint unitary implementing 0^ on A. 

Since ui G -4(I)+ implements 6 ^, (-4(1)+)^ is contained in the fixed point 
subalgebra -4® . In terms of ^ = 5 (id -b 0^), we have 

(-4(1)+)' c -4®' = e[P{A) = -4(1)+ 0 -4(F). 

Since -4(F) is in (^(1)+)', we have 

(^(I)+)' = Z(^(I)+)®^(F) (4.34) 

where Z(-4(I)+) is the center of -4(I)+. Since -4(I)+ = {vi}' n -4(1), ui is a 
self-adjoint unitary in -4(1) and -4(1) is a full matrix algebra for a finite I, we 
have 


Z(-4(I)+) =Cl-bCyi. (4.35) 

By (4.34) and (4.35), we obtain (4.29). □ 

Lemma 4.15. For a finite I, 

-4(I)'n-4 = -4(F)+-byi-4(F)_, (4.36) 

Proof. By Lemma4.14 and -4(1)' C (-4(1)+)', any element a G -4(1)' is of the 
form 

a = ai-|-yia2, 01,02 G-4(F). 

Take any unitary u G -4(1)_ (e.g., w = oi -I- o*, i G I). Then we have 

O = -(o-b UOU*) = -(oi -b UOiW*) -b -Wi(o2 — MO 2 U*) 

= (oi)+-b yi(o 2 )- 

due to uvi = —viu, where 

(ai)-i- = ^(“i + 0(®i)) € -4(F)+, ( 02 )- = -(02 — 0 ( 02 )) G -4(F)_. 

Hence 

-4(1)' C-4(F)++yi+4(F)_. 

The inverse inclusion follows from (4.32) and Lemma 4.3. Hence (4.36) holds. □ 

Lemma 4.16. For an infinite 1, 

yl(I)'n-4 = -4(F)+. (4.37) 


26 



Proof. It is clear that elements of ^(F)+ and ^(I) commute. Hence it is enough 
to prove -4(1)' n ,4 C -4(F) + . 

Let a G -4(1)' n A. Then 

a± = - (a ± 0(a)) G -4(1)' n A 

because 0(-4(I)) = -4(1). For any finite subset K of I, a± G (-4(K)')^. Hence 
by Lemma 4.15, 


a+ G -4(K'=)+. 

Consider an increasing sequence of finite subsets K„ Z’ 1. We apply Corollary 4.12 
to (K„)° \ F, and obtain 

a+ G i-4((K„)^)+ = -4(F)+. (4.38) 

We now prove a_ = 0, which yields the desired conclusion due to a = a+ + a_ 
and (4.38). For a monotone increasing sequence of finite subsets L„ of such 
that L„ Z' Z", we have lim„£’L„(a_) = a_ and hence there exists rig for any 
given £ > 0 such that 


||FL„(a_)-a_|| <£ (4.39) 

for n > Tig. For any k, we set = I n Lfc(c I). Then a_ G -4(Kfc)' and by 
Lemma 4.15 we have 


a_ = VK^bk 

for some bk G -4((Kfe)'')_. For any i G Kj,, 

F{i}<=(a-) = T{vi)v(Kk\{i})bk = 0. (4.40) 

Now take an no Pug. Since /’ I and I is an infinite set while any L„p is a 
finite set, there exists a number k such that contains a point i of Z" such 
that i ^ Lng. Then L„p C {iY- It follows from (4.40) that 

Eh„g{a-) = = 0 . 

This and (4.39) imply 


||a_|| < £. 

Since e is arbitrary, we obtain a_ = 0. □ 

Combining Lemma 4.15 and Lemma 4.16, we obtain 
Theorem 4.17. (1) For a finite I, 

-4(1)' n -4 = -4(F)+ + VI -4(F)_, 

where ui is given by (4-30). 

(2) For an infinite I, 

-4(I)'n-4 = -4(F)+. 
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As a preparation for the remaining case (the commutant of A(I)+ for infinite 
I), we present the following technical Lemma for the sake of completeness. We 
define 


(0 — * (0 — * (0 — (0 * 
u\{ = a,ai, = a^, ^2 = 

Lemma 4.18. Let I = {ii, ■ ■ ■ be a finite subset of Z''. Put 

= Waa for a =1,2, Vfor a ^ fi. 


Define 


|i| 

— TT '(d) 
Uki = 

i=i 


(4.41) 


(4.42) 


(4.43) 


where kn and In are either 1 or 2, respectively, k = {ki,--- ,fcji|) and I = 
{h,--- ,^|i|). Then the following holds. 

(1) The set of all Uki form a self-adjoint system of matrix units ofA{l). 

(2) Let a{k, 1) be the number of n such that kn In- Then 

e{uki) = (4.44) 

(3) Any a & A has a unique expansion 

a = '^Ukiaki (4.45) 

k,l 

with Qki G A(T) and au is uniquely given by 

Oki = 2^^^ Eic{uika). (4.46) 

Proof. (1) By using (4.1) for the case of i = j, /? = 1,2) satisfies 

the relations 


(»S)‘ = 


/•> 


(i) 


- A. 


fid) 

-‘a/JO 




= 1 , 


(4.47) 


for a self-adjoint system of matrix units. Since y,.,} is a self-adjoint uni¬ 

tary commuting with and afi, the same computation shows that 
{a, l3 = 1,2) satisfies the same relations. 

Since anticommutes with and afi for k < j and commutes 

with them for k > j, commutes with each other for different j. 

Since they generate all A({ik\) recursively for fc = I,-- - ,n, they form a 
self-adjoint system of matrix units of A(I). 

(2) for a fi /3, and 0(w{ii,... y,.,}) = 
%i. -y,_i} imply (4.44). 

(3) For a full matrix algebra A(I) contained in a C*-algebra A, the following 
expansion of any a G A in term of a self-adjoint system of a matrix units {uki} 


of .4(1) is well-known. 


a = y^^Ukibkh 


k,l 


bkl — ^ ^ ^ ■ 

m 

(4.48) 
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By Lemma 4.15, there are bui and hkn in A{V^) satisfying 

bki = bkii + vibki2- (4.49) 

By direct computation, Ukivi = ±Uki where the sign depends on k and 1. Thus 
we have the expansion (4.45) with Uki = bkii ± bkn G -4(F). 

The coefficient au G -4(F) is uniquely determined by the following compu¬ 
tation and given by (4.46). 

Eic{uika) = i?ie(y^ uwaki') 
v 

= ''^Eic{uii')aki' =''^T{uii>)aki' =2~^^^aki- 
i' v 


Here we have used the following relation: 

T^Ukl') — Ti^UkmUml') — T(^UmlUkm^ 

— bklTiUjnm^ — bkl2 ^ ( Ujnrn) — 2 ^ ^5kl~ 

m 


□ 


Theorem 4.19. (1) For a finite I, 

(y4(I)+)'ny4 = y4(F)-bniy4(F), (4.50) 

where vi is given by (4-30). 

(2) For an infinite I, 

(y4(I)+)'ny4 = y4(F). (4.51) 

Proof. (1) is given by Lemma 4.14. 

To prove (2), we consider an inhnite 1. Clearly (^(1)+)^ D -4(F) due to 
(4.8). Hence it is enough to prove that any b G (.4(1)+)^ C A belongs to .4(F) 
Let {L„} be an increasing sequence of finite subsets of Z" such that their 
union is Z‘'. Set I„ = L„ n 1. Then 1„ 1. 

For any e > 0, there exist a positive integer fi and an element b^ of .4(Li^) 
satisfying 


\\b-bfi\ < e. 

For any n,b ^ (-4(In)-i-)^ due to 1„ C I and b G (.4(I)+)^ The conclusion of (1) 
implies 

b = b°„+vijl, (4-52) 

where 6°, b^ G .4({I„}°). 

Since 1„ /’ I and 1 is inhnite, there exists an rig such that I„^ contains a 
point i which does not belong to L;^. Then i € In for all n > Ug. Due to 
bg G -4(LiJ and {iY D L;^, 

E[,}c{bg)=bg. (4.53) 
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Since 6 °, € A{{lnY) C A{{iY) for all n > rig, we have 

E{iribl) = 

E{^}-{vlJi) = = 0. (4.54) 

This implies 

E^,yib) = E^i^c{b°„) + E^iyiviX) = bl (4.55) 

It follows from (4.53) and (4.55) 

\\bg - b^J = WE^^yibg) - E^,yib)\\ < \\bg - b\\ < e. 

Therefore, 

\\b-b°J<\\b-bg\\ + \\bg-b°J<2e (4.56) 

for all n> rig. Hence 

b = lim 6 °. 

n 

For any fixed m G N, 6 ° G A{{lnY) C A{{lmY) for all n > m due to I„ D I™. 
Thus b G ^({Im}‘^) for any m. By Corollary 4.12, 

b G n^AiiimV) = = A{{\J^l^Y) = A{E). 

□ 

As a by-product, we obtain the following. 

Corollary 4.20. For any infinite I, the restriction of & to A(I) is outer. 

Proof. We denote the restriction of 0 by the same letter. For any infinite 
subsets I and J, (A(I), 0) is isomorphic to (A(J), 0) as a pair of C*-algebra 
and its automorphism through any bijective map between I and J. Therefore it 
is enough to show the assertion for a proper infinite subset I of 
Suppose that m is a unitary element in A(I) such that 

u*au = 0 (a), 

for all a G A(I). Substituting u into a, we have 0 (^ 1 ) = u. Let b G A(F)_ and 
6 7 ^ 0. Then ub G A-. By (4.8) 

ba = Q{a)b. 

Hence ub G A(I)'. Therefore ub G (A(I)')_, which implies = 0 by Lemma4.16. 
This implies 

b = u*{ub) = 0, 

a contradiction. □ 
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5 Dynamics 

5.1 Assumptions 

We consider a one-parameter group of ^-automorphisms at of the Fermion al¬ 
gebra A. Throughout this work, at is assumed to be strongly continuous, that 
is, t G K 1 -^- at{A) G ^ is norm continuous for each A G A. In order to associate 
a potential to the dynamics at (see § 5.4 for details), we need the following two 
assumptions on at and its generator 6a with the domain D{6a) : 

(I) at 0 = 0 a* for all t G K. 

(II) Ao is in the domain of 6a, namely, Ao C D{6a)- 

The assumption (I) of 0-even dynamics comes from two sources. On the 
physical side, the generator of the time translation at should be i = \/—T times 
the commutator with the energy operator which is a physical observable and 
hence 0-even. 

On the technical side, the potential to be introduced below has to commute 
with a fixed local element of A when the support region of the potential is far 
away in order that the expression for the action of the generator on that local 
element converges and makes sense. 

For at to be uniquely specified by the associated potential to be introduced 
in § 5.4, we need the following assumption: 

(III) Ao is the core of Sa, namely, if 6 denotes the restriction of Sa to Ao, 
its closure <5 is (5^. 

The assumption (III) will be used to derive a conclusion involving at such 
as the KMS condition from other conditions involving the associated potential 
such as the Gibbs condition and the variational principle. 

Later, when we discuss translation invariant equilibrium states, we will add 
the assumption of translation invariance: 

(IV) at Tfc = Tfc at for any t G R, k gIA . 

Later in Proposition 8.1, it will be shown that Assumption (IV) implies 
Assumption (I). 

By Assumptions (I) and (II), the restriction 5 of 5a to Ao satisfies 

(50(A) = 0(5A) (5.1) 

for any A G Ao ■ In the rest of this section, we deal with an arbitrary *-derivation 
5 with the domain Ao commuting with 0 (eq.(5.1)) irrespective of whether it 
comes from a dynamics at or not. Of course, we can use the results about such 
a general 6 for the restriction of 6a to Ao- 
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5.2 Local Hamiltonians 

Since ^(I) is a finite type I factor for each finite subset I of there exists a 
self-adjoint element G A satisfying 

6A = i[H^, yl] (5.2) 

for any A G .4(1) where 5 is any ^-derivation with its domain Ao and values in 
A (i.e., (5 is a linear map from Ao into A satisfying 6{AB) = {5A)B + A{SB) 
and 6{A*) = (M)*). Although this is well-known (see, e.g., [38]), we include its 
proof for the sake of completeness. 

Lemma 5.1. Let {uij} he a self-adjoint system of matrix units ofA(l). Define 

% = uiAuji - ^ ^ ml • 

I I m 

Then hij G A{1)'. Define 

iH = 

'id 

It satisfies H* = H and 


[m, A] = SA 


for A G A(I). Furthermore, 


Eic{H) = 0. 


(5.3) 


Proof. (1) We first prove hij € ^(I)^ If i / j, 


[hij j 


^ai SUj^ 
I 

I 

Uai^Ujd Uoci^Uj/3 — 0 - 


If i=j, 

[hii^ 


I 

I m 

^ ^ UciiSUi^ 

I 

-EE2-'1 

I m 

^ ^ 2 ^ ^Uam^'^md H“ 2 ^ ^ (2^ ^ l)(5'Ua/3 H“ 2 ^ ^ ^ ^ 'l^am^'^mfi 

m m 

0 . 
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(2) We prove [iH, Uafs] = Suafs, which yields [iH^ A] = SA for any A G ^(I) by 
linearity. 


[iH, Ua0] 


i 3 

i m 

^a/3 ^ ^ 2 ^ ^Uam^Um^ 

j m 

j 

^^0.0 •) 


where we have used € ^(I)^ for the first equality. 

(3) Next we prove 77* = H or iH -\- {iHY = 0. By using = uji and 
((5a)* = (5a*, we obtain 


hij + 


^|wH(5'Uj/ + iSuii)uji^ 
i 


^ij'^ ^ ^ ^ ^ ^ ^ *5^771/ H“ 


Z I m 

I I 


Hence iH + {iH)* = 0. 

(4) We prove the last statement. Note that T{uij) = 2“l^l(5y . Hence 

iEi.{H) = 2 - 1^1 '^hu - uiiSuii - 2 1^1 EE 

i i I I m 

= 0 . 


□ 


We denote this H by H^. 

Lemma 5.2. If 6 is a ^-derivation with domain Ao and values in A commuting 
with Q, then there exists a self-adjoint element H{1) S A+ satisfying 

6A = i[H{l), H] 

for all A G .4(1) and 


Ei4H{l)) = 0. 


Proof. Due to commutativity of S and 0 and 0^ = 1, we have 


6A = 0((50(H)) = 0(i[i7i°, 0(H)]) 
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for any A e A(I). Set 


ff(I) = (ff°)+ = + e(ff°)) (€ A+). (5.4) 

Then we have JI(I)* = If (I) and 

,5A = i[II(I), A] (A € A(I)). 

Since Eic(Hi ) = 0, it follows from (5.4) and (4.21) that 


Eic{H{l)) = 0. 


□ 

The local Hamiltoinian operator H (I) obtained in the above lemma has the 
following properties: 

(H-i) H{1)* = H{1) G A. 

(H-ii) e{H{l)) = H{1) ( i.e. H{1) G A+). 

(H-ui) M (A G y4(I)). 

{H-iy) Eic{H{l)) = 0. 


Remark. The property (iJ-iv) implies 

r(iJ(I)) =r(ific(iJ(I))) =0. (5.5) 

Lemma 5.3. i?(I) satisfying {H-u)-{H-iv) is uniquely determined by S. 

Proof. If H{1) and HfVj' satisfy (i7-ii)-(i7-iv), then A = iJ(I) — Hfl)' satisfies 
[A, ^] = 0 for all A G ^(I) due to (iJ-iii). By Lemma4.15 and (H-ii) for A, 

A G y4(i)' nA+ = y4(r)+. 


Hence (iJ-iv) implies 


A = Eic{A) = Eic{H{l)) - Eic{H{iy) = 0. 

Therefore Hfl) satisfying {H-u)-{H-iv) is unique. □ 

We call i?(I) the standard Hamiltonian for the region I. 

Remark. For the empty set 0, iJ(0) = 0 by (H-iv). 

Under the conditions (iJ-ii)-(iJ-iv), the property H{1)* = H{1) of (H-i) 
and the property (JH)* = 5A* {A G ^(I)) for 5 are equivalent, because of the 
following reason. If H{1)* = i?(I), then (dH)* = 5A* immediately follows from 
{H-m). If (dH)* = SA*, then H(l)* satisfies (iJ-iii) along with (H-ii) and 
(H-iv). Hence H{1)* = H{V) by the uniqueness result Lemma 5.3. 

Lemma 5.4. //I C J is a pair of finite subsets, then 

H{1) = H{.J) - Eic (iJ(J)). (5.6) 
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Proof. H{3) satisfies (-ff-ii) and {H-iii) for the region I(c J). Furthermore, 
Eic(^H{3)) G ^(F)+ due to (H-ii) for H{J) and hence it commutes with A G 
^(I). Therefore H{3) — Eic(^H{3)) satisfies {H-u)-{E[-iv) for the region I. By 
the uniqueness (Lemma5.3), we obtain H{1) = H{3) — Ejc □ 

We give the number (H-v) to the condition above: 

(H-v) E[(l) = i?(J) — Efc (J)) for any finite subsets I C J of 

The proof above has shown that (H-v) is derived from {H-ii)-{H-iv). 

So far we have derived the properties (H-i), (Ef-ii), (H-iv) and (H-v) for the 
family {_ff(I)} from its definition in terms of S through the relation (iJ-iii). 

In the converse direction, any family of an element H(l) G A for each finite 
subset I of Z*^ defines a derivation 6 on Ao by (iJ-iii). 

This definition requires a consistency: if Gl G ^(I) and A G ^(J), we have a 
definition of i5(A) by H{T) and H{3). The proof that they are the same is given 
as follows. First we note that A G ^(I) n -4(J) = A(i n J). Thus it is enough to 
show 


[i/(I), Gl] = [H{K), A] (5.7) 

for any K C I and A G -4(K), because, using this identity for the pair I D K = 
I n J and J D K; we obtain [i7(I), A] = [i7(J), A] for any A G A{1 n J). 

Since Ek‘={H{1)) is 0-even by (H-ii) and (4.21), Ekc{H{1)) is in A(¥A)+ 
and commutes with A G -4(K). By (H-v), 

HiK) = H{1) - EKc{Hil)) 

which leads to the consistency equation (5.7). 

S defined by (i7-iii) is a ^-derivation with domain Ao due to (H-i), and 
commutes with 0 by (i7-ii). 

We have not used (H-iv) in this argument, but have imposed it on H{1) 
to obtain the uniqueness of 77(1) for a given 6. Namely, by Lemma 5.2 and 
Lemma 5.3, the correspondence of 6 and 77(1) is bijective, for which the condition 
(77-iv) is used. 

Summarizing the argument so far, we have obtained Theorem 5.7 stated 
below after introduction of two definitions. 

Definition 5.5. The real vector space of all ^-derivations with their definition 
domain Ao and commuting with 0 (on Ao) is denoted by A(.4o). 

Remark. Under Assumptions (I) and (II), the restriction 6 of the generator 6a 
of at belongs to A(Ao) 

Definition 5.6. The real vector space of functions 77(1) of finite subsets I sat¬ 
isfying the following four conditions is denoted by H and its element 77 is called 
a local Hamiltonian. 

(77-i) 77(1)* = 77(1) G A, 

(77-ii) 0(77(1)) = 77(1) (i.e. 77(1) G A+) 

(H-iv) Ei.{H{l))=0, 

(77 -v) 77(1) = 77(J) — Ejc (77(J)) for any finite subsets I C J ofTT. 
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Theorem 5.7. The following relation between H G H and S G A(^o) gives a 
bijective, real linear map from H to A(^o)- 
{H-m) M = i[H{l), {A G yl(I)). 

Remark. The value 6A of the derivation 6 € A(^o) for A G is in general not 
in Ao- 

5.3 Internal Energy 

For a finite subset I of set 

Uil)=E,{H{l)) {gA{1)) (5.8) 

and call it the internal energy for the region I. Due to i7(0) = 0, 17(0) = 0. 

Due to the property (5.5), 

ii;ii?i.((i7(J))) =r((i7(J))) =0. 

By (H-v), we obtain for I C J 

[/(I) = E,H{l) = Ei{{H{3)-Ei.{H{3))}) 

= EiH{3) = EiE,^H{3) = EiU{3). (5.9) 

Furthermore, for any finite subset I and any subset J of Z*^, we have 

Fij ([/(!)) ([/(!)) =F;jni(c/(i)) = c/(inj), (5.10) 

where the last equality is due to (5.9). Due to (5.5), 

r([/(I)) = T{E,iHil))) = r(i7(I)) = 0. (5.11) 

Let us denote 

i7j(I) = £;j(i7(I)). (5.12) 

Lemma 5.8. (1) For any pair of finite subsets I and J, 

i7j(I) = [/(J)-[/(rn J). (5.13) 

(2) For any finite subset I, 

i7(I)=^lim^([/(J)-C/(FnJ)). (5.14) 

Proof. (1): By applying (i7-v) for pairs I D I n J and J D I n J, we obtain 

i7(lnJ) = i7(I)-F;(inj)c(i7(I)), 
i7(lnj) = i7(J)-F;(inj)c(i7(J)). 

Therefore 

J7(I) = H{3) - F;(inj)e(i7(J) - H{1)). 

By applying Ej to this equation, we obtain 

i7j(I) = [/(J) - (i7(J) - H{1)). 
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Since 


j n (I n J)= = J n (F u r) = (J n F) u (J n J“) = J n F, 

we obtain 


^'j£^(inj)‘= = £^Jn(inJ)‘= = = £^jFic = FicFj. 


Since Fic(i7(I)) = 0 by (iJ-iv), we have 


{H{3) - H{1)) = EicEj{H{3)) = Fi.(F(J)). 


Thus 


i7j(I) = F(J)-Fic(F(J)). 

By this and (5.10), we arrive at (5.13). 

(2): By (4.23), we have 

H{1) = lim HjCl). (5.15) 

J/'Z'' 

This and (5.13) imply the desired (5.14). □ 


5.4 Potential 

We introduce the potential {^^(I)} in terms of {it(I)} and derive its character¬ 
izing properties. As a consequence, we establish the one-to-one correspondence 
between {<?(!)} and {i7(I)}. 

Lemma 5.9. For a given {it(I)} G H and the corresponding {F(I)}, there 
exists one and only one family of |??(I) G A; finite I C satisfying the 

following conditions : 

(1) <?(!)€ A(I). 

(2) = <PiT), e(<l>(I)) = <I>(I), ^(0) = 0 . 

(5) Ej{${l)) =0 if 3 cl and 3 
U) F(I)=EkciW- 

(5) iJ(I)=limj^z.^j,{<?(K); Knl^0, Kc J }. 

Proof. We show this lemma in several steps. 

Step 1. Existence of (P satisfying (!) and (4) for all finite I. 

The following expression for <?(I) in terms of F(K), K C I satisfies (1) and 
(4) for all I and hence the existence. 

<?(!) = ^(-1)|i|-|k|[/(K). (5.16) 

KCI 

In fact, substituting this expression into obtain 

EE (_1)|J|-|k|jj(k) = E«(K)C^(K). 

Jcl KcJ Kcl 

|I| 

a(K) = ^ ^ (5,17) 

JiKCJCl m=\K\ 
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where Pm is the number of distinct J satisfying 


KCJCI, |J|=TO. 

This is the number of way for choosing to — |K| elements (for J \ K) out of I \ K, 
which is ([IJZik})- Putting ? = to — |K|, n = |I| — |K|, we obtain 

a(K) = f](-iy(^’^) =( 1 - 1 )" = 0 

for all K ^ I (then n > 1), while we have a (I) = 1. Hence (4) is satisfied by 
^(I) given as (5.16) for all 1. 

Step 2. Uniqueness of ^ satisfying (4). 

The relation (4) implies 

<P(i) = m- E w (5.18) 

KcI.Kt^I 

which obviously determines <?(1) uniquely for a given {[/(I)} by the mathemat¬ 
ical induction on |I| = to starting from ^( 0 ) = [7(0) = 0. 

Step 3. Property (2). 

We already obtain ^(0) = 0. Since 17(1)* = 17(1) and 0({7(I)) = 17(1), ^(I) 
defined by (5.16) as a real linear combination of 17(K), K C I satisfies (£). 

Step 4. Property (3). 

We note that (3) is equivalent to the following condition: 


Uj(<l>(I)) =0, for J Til, (5.19) 

because Uj (<?(!)) = UjUj (<?(!)) = Ujni('?(I)) by Theorem 4.7, J n I C I, and 
J n 1 7 ^ I if and only if J Ti I. On the other hand, Uj (<?(!)) = <P{T) if J D I due 
to ^(I) G 7l(I) C 7l(J). 

We now prove (3) by the mathematical induction on |I| = to. For to = 1, the 
only J satisfying J C I and J I is J = 0 for which <?(J) = 0. Then <P(I) = 17(1) 
and 


Uj(<l>(I)) =r(<l>(I))l = r(C/(I)) =0 

due to (5.11). Suppose (3) holds for |I| < to. We consider I with |I| = to. We 
apply Ej (for J C I, J I) on both sides of (5.18). All K in the summation 
on the right-hand side satisfy |K| < to due to K C I and K yl: I. Hence the 
inductive assumption is applicable to ^(K) on the right-hand side. If K J, we 
have Uj(<?(K)) = 0 by (5.19). If K C J, we have Ej{<P{K)) = ^(K). Therefore, 
by using Ujl7(I) = 17(J) (due to J C I), we obtain 

Ej^l) = EjU{l)- E 
kci.kti 

= c/(j)-EW = o. 

KCJ 


This proves (5). 

Step 5. Property (5). 
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For a finite subset J and I C J, Hj{l) is written in terms of <P by (5.13) and 
(4) as 


i7j(I)(=ifj(i/(I))) = ^{<Z>(K); Knl^0, KCJ}. (5.20) 

K 

Due to (5.15), satisfies (5). □ 


We collect useful formulae for U and H in terms of which have been 
obtained above: 

[/(I) = (5.21) 

KCI 


^j(I) = Kni^0, KC J}, (5.22) 

K 



Definition 5.10. A function <P of finite subsets I o/Z^ with the value <?(I) in 
A is called a standard potential if it satisfies the following conditions : 

(^-a) ^(I) e ^(I), ^(0) = 0. 

(^-b) ^(I)* = ^(I). 

(^-c) 0(^(1)) = ^(I). 

(<l>-d) F;j(^(I)) = 0 i /j C I ond j ^ I. 

{<P-e) For each fixed finite subset I oflA, the net 


^j(I) = E{‘^(K); Knl^0, KC J}, 

K 

is a Cauchy net in the norm topology of A for ii / TF. The index set for the 
net is the set of all finite subsets J oflA, partially ordered by the set inclusion. 

Remark. (<?-d) is equivalent to the following condition: 

(^-d)' ifj(^(I)) = 0 unless I C J, 

because = E^Ei{<F{\)) = F;jni(d>(I)). 

Definition 5.11. The real vector space of all standard potentials is denoted by 
V. 

Remark. V is a, real vector space as a function space, where the linear operation 
is defined by 


{c<F + dF){l) = c<F{l) + dF{I), c,dGM, T’,'FeV. (5.24) 


We show the one-to-one correspondence of ^ G 7^ and id G H. 

Theorem 5.12. The eguations (5.22) and (5.23) for <P G V and id G H give a 
bijective, real linear map from V to H. 

Proof. First note that (4) of Lemma 5.9 is satisfied for 17(1) = ifi(id(I)) due 
to (<^-d), if (5.22) and (5.23) are satisfied. By Lemma5.9, there exists a unique 
<P GV satisfying (5.22) and (5.23) for any given id G H. 
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The map is evidently linear. The only remaining task is to prove the property 
(H-i), (H-ii), (iJ-iv) and (H-v) for the H{1) given by (5.22) and (5.23), on the 
basis of (^-a)-(<?-e). {H-i), (H-ii) and (iJ-iv) follow from (<?-b), (^-c) and 

(^-d)', respectively. 

To show (H-v), let L be a finite subset containing J D I. Then 

-ffL(J)-i?L(i) = KnJ7^0,Knl = 0, KCL} 

K 

= ilic ^^{<l>(K); KnJ7^0, KcL}j 
= 

due to (5.22), (<P-a) and (<?-d)'. By taking limit L Z' W ^ we obtain 
HZ)-H{1) = Eic{HZ)), 

where the convergence is due to (^-e) and ||i?ic|| = 1. □ 

Remark. We will use later the real linearity of the above map: 

i?c<i.+da'(I) = cHZl) + dH^{l), c,(iGlR, ^,EeV, (5.25) 

Uc.p+dA^) = cU<i.(l)+dU^{l), c,fiGlR, (5.26) 

where i?^)(I) and [/^)(I) denote H{1) and C/(I) corresponding to <P G V. 

Theorem 5.13. The following relation between <P G V and G A(^o) gives 
a bijective, real linear map from V to A(^o)- 

5^A = i[H{l),A] (AGyl(I)), (5.27) 

77(1) = hm ^{<7(K); Knl^0, KC J}. (5.28) 

JTZ 

Proof. This is a consequence of Theorem 5.7 and Theorem 5.12. □ 


Remark 1. The technique using the conditional expectations for associating a 
unique standard potential with a a given *-derivation has been developed for 
quantum spin lattice systems by one of the authors [12]. The corresponding 
formalism for classical lattice systems is developed in [13]. Also see [23] where 
El for the quantum spin case is called a partial trace. 

Remark 2. We note that 7^ is a Frechet space with respect to a countable family 
of seminorms {|j77({i})||}, i G TA. 

5.5 General Potential 

If the function 


<7 : I G {Hnite subsets of i—s- <7(I) (5.29) 

satisfies (^-a), (^-b), (^-c) and (^-e), we call it a general potential. 
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By i^-e), we define H{T) by (5.23) and (5.22). Then, for any finite subsets 
K D I, 


H{K) - H{T) = lim V {<P(L); LnK^0, Lnl = 0, LcJ} (5.30) 

J/”Z- ^ 

due to (^-e). Therefore, we can define 6<i, with the domain Ao by 

S^A = A] for A € y^(I), (5.31) 

which is a consistent definition due to (5.30) by essentially the same argument as 
the one leading to (5.7). The properties (<?-a), (??-b), (^-c), and (^-e) imply that 
S<p € A(^o). Two general potentials ^ and are said to be equivalent if = 
S^r. It follows from Theorem 5.13 that there is a unique standard potential which 
is equivalent to any given general potential defined above. The equivalence is 
discussed, e.g., in [23] and [40] with the name of physical equivalence. We will 
consider the consequence of equivalence for a specific class of general potentials 
in § 14. 

6 KMS Condition 

6.1 KMS Condition 

We recall the definition of the KMS condition for a given dynamics at of A (see 
e.g. [17]). 

Definition 6.1. A state (p of A is called an at-KMS state at the inverse tem¬ 
perature /3 G K. or {at, I3)-KMS state (or more simply KMS state) if it satisfies 
one of the following two equivalent conditions : 

(A) Let Dp he the strip region 

Dp = G C; 0 < Imi; </?! if P > 0, 

= G C; /3 < Imz < o| ifP<0, 

O 

in the complex plane C and Dp be its interior. 

For every A and B in A, there exists a function F{z) of z G Dp (depending 
on A and B) such that 

O 

(1) F{z) is analytic in Dp, 

(2) F{z) is continuous and bounded on Dp, 

(3) For all real t G K., 

F{t) = ip[Aat{B )), F{t + iP) = (p[at{B)A). 


(B) Let Aent be the set of all B G A for which apB) has an analytic extension 
to A-valued entire function az{B) as a function of z G C. For A G A and 
B G Aent, 


p{Aaip{B)) = p{BA). 
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Remark. In (A), the condition (1) is empty if /3 = 0. The boundedness in (2) 
can be omitted (see, e.g., proposition 5.3.7 in [17]). Aent is known to be dense 
in A. 

For a state tp on A, let denote its GNS triplet, namely, is 

a (GNS) representation of A on the Hilbert space Hep, and ilp, is a cyclic unit 
vector in Hep, representing ip as the vector state. If p is an {at, /3)-KMS state, 
then n,p is separating for the generated von Neumann algebra DJl,p = TTep{Ay'. 
Let Aep and af be the modular operator and modular automorphisms for flep 
and (fi, respectively, [42]. 

The KMS condition implies that 

af{TTep{A)) =nep{a-0t{A)), A € A. (6.1) 

It is a result of Takesaki [42] that the KMS condition of a one-parameter 
automorphism group of a von Neumann algebra with respect to a cyclic vector 
implies the separating property of the vector, and the modular automorphism 
group of the von Neumann algebra with respect to the cyclic and separating 
vector is characterized by the KMS condition at /? = — 1 with respect to the 
state given by that vector. 

For the sake of brevity in stating an assumption later, we use the following 
terminology. 

Definition 6.2. A state ip is said to be modular ifflep is separating for TTep{A)". 

6.2 Differential KMS Condition 

It is convenient to introduce the following condition in terms of the generator 
5a of the dynamics at, equivalent to the KMS condition with respect to at- 

Definition 6.3. Let 5 he a ^-derivation of A with its domain D{5). A state p 
is said to satisfy the differential (d, j3)-KMS eondition (or briefly, {6, j3)-dKMS 
condition) if the following two conditions are satisfied 
(C-1) p{^A*5A) is pure imaginary for all A G D{6). 

(G-2) —il3p{A*5A) > S{p{AA*), p{A*A)) for all A G D{S) where the func¬ 
tion S{x, y) is given for x > 0, y > 0 by: 

S{x,y) = y\ogy-y\ogx if x > 0, y > 0, 

S{x, y) = -boo if X = 0, y > 0, 

S{x, y) = 0 i/x > 0, y = 0. 

We use the following known result (see, e.g.. Theorem5.3.15 in [17]). 

Theorem 6.4. Let 6a be a generator of at, namely, = at- Then the 
{6a, P)-dKMS condition and the {at, f3)-KMS condition are eguivalent. 

Remark. The function S{x, y) is the relative entropy for linear functionals of 
one-dimensional *-algebra. The order of the arguments x, y in our notation is 
opposite to that of the definition in [45]. (Both the order of the argument and 
the sign are opposite to those in [17].) Our definition here is in accordance with 
our definition of the relative entropy previously given. 

Lemma 6.5. S{x, y) is convex and lower semi-continuous in x, y. 
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Proof. A convenient expression for S{x, y) is 

S'(a;, y) = supsup|ylogn - ^(6.2) 


where s{t) varies over the linear span of characteristic functions of finite intervals 
in [0, +oo). The equality is immediate for x = 0, y > 0 as well as for x > 0, 
y = 0. For x > 0, y > 0, (6.2) follows from identities for A = x/y. 


J/(log2/- logx) = 


= sup 


sup{-!,log(^ + t)} 


t “h A 


sup 


+xt ^(1 - s)^)}- 


From the expression above, S{x, y) is seen to be convex and lower semi- 
continuous in (x, y) because it is a supremum of homogeneous linear functions 
of (x, y). 

(The variational expression (6.2) for general von Neumann algebras is estab¬ 
lished by Kosaki [25]. This expression indicates manifestly some basic properties 
of relative entropy for the general case.) □ 


Lemma 6.6. The conditions (C-1) and (C-2) are stable under the simultaneous 
limit of A and 5 A in norm topology and ip in the weak* topology as well as under 
the convex combination of states ip. 

Proof Let An, A e D{5), ||A„-A|| ^ 0, ||i5A„-M|| ^ 0, \ipniB) - ip{B)\ 0 
for every B G A. Then 

\ipn{A*n5An) - v{A*5A)\ 

< \ipn{An5An - A5 A) \ + \ipn{A5A) - ip[A5A)\, 

which converges to 0 as n ^ oo. Therefore, the condition (C-1) holds for ip and 
A if it holds for ipn and A„. 

Similarly, 

ipn{AnA*n) ^ ip{AA*), Tn{A*nAn) ^ (/?(A*A), 

as n ^ oo. By the lower semi-continuity of S{x, y) in (x, y), we then obtain 
S{ip{AA*), ip{A*A)) < \\mi-niS{ip{AnAn), (p(A*A„)). 

Hence we obtain the condition (C-2) for ip and A if it holds for (/?„ and A„. Since 
ip(^A*5Afj is afhne in ip while S{ip{AA*), ip{A*A)'^ is convex in ip, the conditions 
(C-1) and (C-2) are stable under the convex combination of ip. □ 


Corollary 6.7. Let at be a one-parameter group of *-automorphisms of A 
satisfying the conditions (II) and (III). Let da be the generator of at. Then a 
state ip is an {at, f3)-KMS state if and only if it is a {6, j3)-dKMS state, where 
6 denotes the restriction of 5a to Ao. 
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Proof. The restriction <5 of 6a to Ao makes sense due to the assumption (II). 
By Theorem 6.4, it suffices to prove that the dKMS condition for 6 implies the 
same for Sa- By Assumption (III), there exists a sequence G Ao for any given 
A G D{6a) such that ||A„ — A|| ^ 0, \\5An — 5aA\\ —> 0. Hence the conditions 
(C-I) and (C-2) for <5 imply the same for 6a due to Lemma6.6. □ 


7 Gibbs Condition 

In this section, we define the Gibbs condition. We hrst recall the notion of 
perturbation of dynamics and states. 

7.1 Inner Pertnrbation 

Consider a given dynamics at of A with its generator 6 on the domain D{6). 
For each h = h* G A, there exists the unique perturbed dynamics of A with 
its generator 6^ given by 

6^{A) = ,5(A) + i[h, A] (A G D{6)) (7.1) 

on the same domain as the generator 6 oi at- This a^{A) is explicitly given by 

a1{A)=u^at{A){ufr (7.2) 


where 

^ pt pti pim — l 

Ut = 1 +'^ i"' dti dt2--- dtmat^{h) ■ ■ ■ (7.3) 

m=l "'o Jo Jo 

This is unitary and satisHes the following cocycle equation: 

Us^siUt) = 

The same statements hold for a von Neumann algebra Tl and its one parameter 
group of ^-automorphisms at] the t-continuity of at for each fixed a; G 9A in the 
strong operator topology of is to be assumed. 

Let 17 be a cyclic and separating vector for Tl. Let be the modular 
operator for I? and af be the corresponding modular automorphism group 

af{x)=An^^xAo-^\ 

where uj indicates the positive linear functional 

u!{x) = (17, xQ), {x G Wl). 

For h = h* G Tt, the perturbed vector is given by 

= [ dti [ dt2 -[ dtmA*f'TY^{h)A*f'-^~*”'Tr^{h)---A*f~*‘TT^{h)f2 

m=0-^0 Jo Jo 

]Al,TT^{h)A-*d^n, (7.4) 
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where the sum is known to converge absolutely ([2]). The notation Exp^ is 
taken from [3]. 

The positive linear functional on DJI is defined by 

xn'^) {x e m). (7.5) 

The vector 12^ defined above is cyclic and separating for 371. Its modular auto¬ 
morphism group (t“ of 371 coincides with i.e. the perturbed dynamics of 

(cr“, 371) by h. is in the natural positive cone of (17, 371) (see, e.g., [43] and 
[17]) for any self-adjoint element h G Tl and satisfies 

(17'*!)'*= = 17'*!+'^=' (7.6) 


for any self-adjoint elements hi,h 2 € 371. We have 






,(hi+h2) 


i(= = 


. (/7l+/l2)\ 


(7.7) 


where indicates the dynamics which is given by the successive per¬ 

turbations first by hi and then by h 2 - We denote the normalization of by 



[u^] = = ^('‘-{i°g“"(i)}i). (7.8) 

We use the following estimates (Theorem 2 of [4]) and a formula (e.g. (3.5) of 
[7] and Theorem 3.10 of [9]) later. 

l|17"ll<expil|/rl|, logcu^l)<lj/ill. (7.9) 

v) = -‘p{h). (7.10) 


7.2 Surface Energy 

Let us consider (p G V. For any finite subset I of we define 

W(I) = H{1) - C/(I). (7.11) 

By (5.21), (5.22) and (5.23), the expression for 1T(I) in terms of the potential 
is given as follows. 

W{1) = ^{^>(K);Knl7f 0, KnIV0} (7.12) 

K 

( = (^{<^(K);Kni7^0, KniV0, Kc J})). 

W (I) is the sum of all (interaction) potentials between the inside and the outside 
of I by definition, and will be called the surface energy. 
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7.3 Gibbs Condition 


We are now in a position to introduce our Gibbs condition for a state Lp oi A 
for a given 5 G A(Ao)- We use the following notation in its definition below. 
As in § 6.1, TT^, is the GNS triplet for (p. The normal extension of (p 
to the weak closure Tlcp{= ^^^{A)") is denoted by the same letter p: 

p{x) = (f2<p, xf2<p) (x G M<p), 

p(Trp(a)) = p(a) (a € A). 

Let ^(I), L1(I), G(I) and W{1) be those uniquely associated with 5. The follow¬ 
ing operators will be used for perturbations of dynamics and states 

h = u = TT^[(}U{l)), w = 'Kp[(}W{l)). (7-13) 

Definition 7.1. For 6 G A(Ao), a state p of A is said to satisfy the (5, (3)- 
Gibbs condition, or alternatively the (F, P)-Gibbs condition, if the following two 
conditions are satisfied. 

(D-1) p is a modular state. {See Definition 6.2.) 

(D-2) For each finite subset 1 oflF, af satisfies 

for all A G A(I). 

The condition (D-2) is equivalent to the following condition (D-2)' as shown 
in the subsequent Lemma and hence we may define the (<5, /3)-Gibbs condition 
by (D-1) and (D-2)'. 

h 

(D-2)' For each finite subset I of IF and A G ^(I)? is af -invariant, 

namely, 7r,^(A(I)) is in the centralizer of the positive linear functional p^. 

Lemma 7.2. The conditions (D-2) and (D-2)' are equivalent. 

Proof. First assume (D-2). Since h = w + u, we have p^ = {p'")'^ and hence 

A = {(.r)”-'}* 

= (<.,-*)" 

Since C/(I) = G(I), 7r,^([/(I)) is invariant under af by (D-2). 

Then unitary cocycle bridging af and af becomes Hence 

af =Ad(e'“‘)oaf. 

Therefore, for iTp (A), A G A(I), we have 

af{np{A)) = (7r^(A))e-“‘ 

= TTp (Ad(e''5^(^)‘) o Ad(e-'^^(^)*) o A) 

= 7r^(A). 
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Thus (D-2)' is satisfied. 

We show the converse. Assume (D-2)'. Since w = h—u, erf is the perturbed 

dynamics of erf by —u. Since u € A(I) is erf -invariant (being in the central¬ 
izer), the corresponding unitary cocycle is Hence, for 7r,^(A), A € A(I), 

we have 

(^v(^)) = e-'“‘erf (7r^(A))e+'“‘ 

and (D-2) is derived. □ 

We introduce the local Gibbs state. 

Definition 7.3. For finite I, the local Gibbs state of A{1) (or local Gibbs state 
for I ) with respect to (S, (3) is given by 

^ ff-Zf ■ (ri4) 

Corollary 7.4. If (p satisfies the {6, /3)-Gibbs condition, then the restriction of 

(f^ to A(I) is times the tracial state r and that of is pAiX) times the 

local Gibbs state ip^ given by (7.If). 

Proof. Since has the tracial property for A(I) by (D-2)', its restriction to 
A(I) must be times the unique tracial state r. 

Since the inner automorphism group 

al = Ad(e-'^^(i)*) (7.15) 

leaves A(I) invariant and has the same action on A(I) as the modular automor¬ 
phism of (the restriction of to A(I)), p'^\a{i) satisfies (of —1) KMS 

condition and hence must be p'^{'I) times the unique KMS state given by the 
local Gibbs state p(. □ 


7.4 Equivalence to KMS Condition 

Theorem 7.5. Let at be dynamics of A satisfying conditions (I) and (II) and 
S be the restriction of its generator da to Ao ■ Then any {at, (3)-KMS state p of 
A satisfies {6, /3)-Gibbs condition. 


Proof. As already indicated, it is known that the KMS condition implies (D-1). 
It remains to show (D-2). We have 


(d/ds) (af“ (x) - af (x)) = i [w, x] , 


for X G dJlip. By the group property of the automorphisms. 


{dldt)af (x)=crf |(d/ds)crf”(x) 
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for X in the domain of the generator of af . For the same x, we have 

{d/dt)af (x) = af ^ {d/ds)(T'^{x) +i['u;, x]| . 

I s=0 J 

The KMS condition implies that 

af{'n^{A)) = Tr^[a-0s{A)), A e A. 

Therefore, if A G ^ is in the domain of the generator of at, we have 
{d/dt)af (^7r^(A)) = erf ^{d/ds)(w,f,{a-0siA)}^ + af (7r,^{[i/3hF(I), 

Now we take A G ^(I). By (_ff-iii), 

id/dt)af (n,piA)^ = af (^-iPTr,^{[H{T), A]}^ + af A]]^ 

= -*/3crf (^7r^{[[/(I), ^]}). 

For A G -4(1), G -4(1), and we have 

{d/dt)af 

= 0 . 

This implies that 

is a constant function of t and hence equals to its value at t = 0, which is 7r,^(4.). 
Thus 

afi(7r^(Gl)) = 

and (D-2) is shown. □ 

To show the converse, we need the assumption (III) for the dynamics a*. 

Theorem 7.6. Let at be a dynamics of A satisfying the conditions (I), (II) and 
(III). Let 6 be the restriction of its generator da to Ao- Then any {6, P)- Gibbs 
state if of A satisfies {at, P)-KMS condition. 

Proof. We use (D-2)'. It says that 

{d/dt)af {'K,p{A)) = 0 

for all A G -4(1). By the group property of the automorphism, 

{d/dt)af {x) = erf I {d/ds)af (x) I } . 
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For any A & Ao, there exists a finite subset I such that A € -4(1). Since 
(p = we have 

{d/dt)af{7T^{A)) = erf |(d/ds)cr^'‘(7r^(^)) 7r^(.4)]| 

= A])) 

= -/3af [ir^iSA)). (7-16) 

We note that for any -4 G -4 

af{TT^{A)) = A^'‘*tt^{A)A^~''\ A^pfi^p = n^. 

By applying (7.16) on 17,^ and setting t = 0, we conclude that 7r;^(4.)l7^ is in 
the domain of log Z\<^ and 

i(logZ\<^)7r^(A)f2^ = -(3'K^{6{A))fl^ (7.17) 

for all A& Ao- 

By Assumption (III), for every A G D{6a), there exists a sequence {An}, 
An G Ao such that {A„} and {(5A„(= SaAn)} converge to A and SaA{= 6A), 
respectively, in the norm topology of A. Since logA,^ is a (self-adjoint) closed 
operator, 7r,^(A)l7;^ must be in the domain of log and (7.17) holds for any 
A G D(Sa). 

For A G D{Sa) and t G M, we set 

6 = = A^^*Tr^(ai3tiA))n^. 

For A G D{6a), at{A) is in D{Sa) for any t G M. Therefore, we can substitute 
aptiA) into A of (7.17) and obtain 

{d/dt)^t = |(d/ds)A^*'*7r^{a/3t(A)}l7,^ ^ + A^p"^{{d/dt)’K,p{ai3t{A)] 

= Ap* [-fdTTp { S{apt{A))]Q^ + tt^{(} 5{apt (A) )]fip] 

= 0 . 

Therefore, we have ^t = Co and 

uf (n^{apt{A)}"jn^ = TT^{A)n^. 

Since f2ip is separating for ^Slp, we obtain 

af(np{apt{A)}'j =tt^{A). 

This implies 

7r^{apt{A)} = crft(7r,^(A)). 

Since D{Sa){D Ao) is norm dense in A, we have 

Trp{a-pt{A)} = af{7rp{A)), 

for every A G A. 

Since (p satisfies {af, — 1)-KMS condition as a state of dJl^, we obtain the 
{at, /3)-KMS condition for (p. □ 
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7.5 Product Form of the Gibbs Condition 

In the case of quantum spin lattice systems, for any region I CZ'', A = .4(1) 0 
.4(F). In this situation, the Gibbs condition implies that ¥’“'(= 
is a product of the local Gibbs state of .4(1) and its restriction to .4(F), or 
equivalently (/3^(= jg product of the tracial state of .4(1) and its 

restriction to .4(F) for any finite region I [5]. 

However, this product property for and pA for the present Fermion case 
does not seem to be automatic in general. We show that such a product property 
holds if and only if the Gibbs state p is 0-even, where the product property 
refers to the validity of the formula 

V'(dB) = V'(d)V'(S)/V^(l), A&A{l),B&A{r) (7.18) 

for ij} = and for ip = p'" 

Proposition 7.7. Assume the conditions (I) and (II) for the dynamics. Let 
1 be a non-empty finite subset of . If ip satisfies the Gibbs condition, then 
p^i>AW(l)) product property (7.18) if and only if p is Q-even. The same 

is true for p^Ah^G)) ^ 

Proof. First assume that p is even. It follows from the Gibbs condition that 
.4(1) is in the centralizer of p^ and the restriction of p^ to .4(1) is tracial. We 
will show 


P^{[AuA2]B)=0 (7.19) 

for any Ai, A 2 G .4(1) and any B G .4(F). It is enough to show this for all 
combinations of even and odd Ai, A2 and B because the general case follows 
from these cases by linearity. 

Since Ai and A 2 are in the centralizer of p^, we have 

P^(AiA2B) = p^(A2BAi), p^(A2AiB) = /(diHda). 

If one, or more of di, A 2 , B is even, then BAi = AiB or BA 2 = A 2 B holds. 
Hence (7.19) follows for this case. 

The remaining case is when Ai, A 2 , B are all odd. We now show that p^ is 
even so that (7.19) holds in this case. 

Since p is assumed to be even at this part of proof, 0 leaves p invariant and 
hence there exists an involutive unitary IAq on the GNS representation space 
TL^ of p, satisfying 

UeT:^{A)Ue* = ^^(0(d)), (AgA), (7.20) 

(7.21) 

Since H (I) is even by assumption, it follows from the commutativity of Uq with 
[42] and the above equations (7.20), (7.21) that the perturbed vector 
is Uq invariant. Therefore p^ is even, since it is the vector functional by 

Hence p^ vanishes on every odd element and (7.19) is satisfied if Ai, A 2 and B 
are all odd. Now (7.19) is proved for all the cases. 
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Since ^(I) is a 2l^l X 2l^l full matrix algebra, any element A G -4(1) can be 
written as 


A — t(A) + '^[Aji, Aj2] 

3 

for some Aji,Aj 2 G -4(1). Hence (7.19) implies 

ip^ (AB) = t{A)p^ (B) (7.22) 

for any A G -4(1) and B G -4(F). This means that has a form of the product 
of r of -4(1) and its restriction to -4(F). 

Since (7(I) is in the centralizer of , we have 

= {p^}-^ = p^ ■ e-*. 

Hence, for any A G -4(1) and B G -4(F), 

p^(AB)=T(e-’^)p^(A)p\B). 

By setting H = 1, we have 

p’^(B)=T(e-’^)p\B). 


Therefore 


p’^(AB)=pnA)p^(B). 


(7.23) 


Hence we have the desired product property of p'^. 

We now prove the converse, starting from the assumption that p^ has a 
product form (7.18). 

We note that 



\ / 1 \ 

1 

+a,ai)^ 


“ 2 


due to CAR. On the other hand, ai anticommutes with any odd element B in 
-4(F) and hence 


p^{a^a*B) = p'^{a*Ba^) = -p^(a*a^B), (7.24) 

where the first equality follows because Oi is in the centralizer of p^ due to the 
Gibbs condition. By the product form assumption, 

p^{AB) = p\a)p\B)/pHi) 

for A G -4(1) and B G -4(F). Since A is in the centralizer, p^{A)/p^{l) = t{A) 
for the unique tracial state r of -4(1). Hence 

p'^{a,a*B) = T{a^a*)p^(B) = i^^(B), 

p^{a*a,B) = T{a*ai)p^{B) = ]^p^{B). (7.25) 
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From (7.24) and (7.25), we obtain 


ip^{B)=Q (7.26) 

for any B G ^(F)_. Since A- = ^(I)+^(F)„ +^(I)_-4(F)+ for a finite I, 
vanishes on odd elements of A. We conclude that is even. This implies that 
Lp is also even by the same argument as in the first part of this proof due to 

p = □ 


Remark. By the above Proposition, we have already shown that if a Gibbs state 
p satisfies the condition that p'^'pAvvA)) j^as the product property (7.18) for the 
pair (^(I), ^(F)) for one non-empty finite I, then p has this product property 
for every finite subset I. 


In connection with Proposition 7.7, if ^(F) is replaced by the commutant 
algebra -4(1)' in the product property (7.18), then p"^ is a product of the local 
Gibbs state of -4(1) and its restriction to -4(1)' for every finite region I irrespec¬ 
tive of whether p is even or not as is shown in the following corollary. This 
situation is much the same as in quantum spin lattice systems. 

Corollary 7.8. Assume the conditions (I) and (II) for the dynamics. Let p 
be a modular state. The state p satisfies the Gibbs condition if and only if the 
perturbed functional p"^ is a product of the local Gibbs state p^ of -4(1) and its 
restriction to -4(1)' for every finite I. 

Proof. For a finite I, -4(1) is a full matrix algebra and hence A is an (algebraic) 
tensor product of -4(1) and -4(1)'. 

If (/?“ has the product property described above, then the GNS represen¬ 
tation of A associated with (/?“ is the tensor product of those for (-4(1), pfi) 
and (-4(1)', fi) where ip = Therefore the product of the modular au¬ 

tomorphisms for these two pairs satisfies the KMS condition (with /3 = — 1) 
for (-4, p"^) and must be the modular operator for (-4, p^). In particular, the 
restriction of the modular automorphisms of (-4, p'") to -4(1) coincides with the 
modular automorphisms a\[= Ad(e“'^^(^^*)) for (-4(1), pf). Hence the Gibbs 
condition is satisfied. 

Conversely, assume that the Gibbs condition is satisfied for p. By the el¬ 
ementwise commutativity of -4(1) and -4(1)', we can show directly (7.19) in 
Proposition7.7 in this case for any Ai,A 2 G -4(1) and B G -4(1)' skipping the 
previous discussion about even and odd elements. The argument showing (7.22) 
and (7.23) are still valid after we replace -4(F) by -4(1)'. □ 


8 Translation Invariant Dynamics 

8.1 Translation Invariance and Covariance 

From now on, we need the following assumption for the dynamics at for the 
most part of our theory. 
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(IV) at Tk = Tfc at for alH G M and k € Z^. 


If (IV) holds, at is said to be translation invariant. This assumption implies 
our earlier assumption (I) due to the following Proposition, which we owe to a 
referee. 

Proposition 8.1. Any automorphism at commuting with the lattice translation 
Tk, k G Tj'', must commute with 0. 

For its proof, we need the following Lemma. 

Lemma 8.2. An element x G A is Q-even if and only if the following asymp¬ 
totically central property holds. 

lim ||[rfc(a;), y]|| = 0 (8.1) 

k—*oo 


for all y G A. 

Proof. If X G (^o)+ and y G Ao, then [rfc(x), y] = 0 for sufficiently large k. By 
the density of (-4o)+ in A+ and Ao in A, we obtain (8.1) for x G A+ and y G A. 

In the converse direction, consider a general x G A and define x± = 1/2 (x± 
0(x)) G A±. Due to the validity of (8.1) for x+, which is just shown, we have 

lim ||[Tfe(x), y]|| = lim ||[rfc(x_), y]||. 

k—^oo k—*oo 

Take a unitary y G A- (e.g., at + a*). Then 

||[Tfc(x_), y]|| = 2||Tfe(x_)y|| = 2||x_||. 

Hence (8.1) for x implies x_ = 0, namely x G A+. □ 

Proof of Propositions. 1 : 

Due to Tfc a = aru, we have 

||[Tfc(a(x)), Q;(y)]|| = ||a{[Tfc(x), y]}|| = ||[rfc(x), y]||. 

Hence a{x) G A+ if and only if x G A+ by Lemma 8.2. Let 

F;+ = i(id + 0). (8.2) 

It is the conditional expectation from A onto A+, characterized by E+(x) G A+ 
for all X G ^ and T{xy) = T(i?+(x)y) for all x G ^ and y G A+. Then 
a(^a~^{y)) = y G A+ implies a~^{y) G A+ and 

T{E+{a{x))y) = T{a{x)y) = T{a{xa~^{y)) = T{xa~^{y)) 

= T{E+{x)a~\y)) = T{a~'^{a{E+{x))y}) = T{a{E+{x))y), 

where we have used a~^{y) G A+ in the fourth equality. Since if+(a(x)) G A+ 
and a{E+{x)) G A+ (due to E+{x) G A+), we have E+{a{x)) = a{E+{x)). 
Therefore i?+a = aif+ and a commutes with 0. □ 
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Remark. A referee pointed out the following approach (which we have not 
adopted). Under assumption IV, any at|_ 4 ^-KMS state of A+ has a unique 
even extension to an at-KMS state of A (e.g. by [11]). This allows one to 
reduce the analysis of KMS states to the case of asymptotically abelian system 
due to (8.1). 

The dynamics at is translation invariant if and only if its generator at com¬ 
mutes with every Tk (k (This statement includes the Tfe-invariance of the 

domain of the generator.) 

The corresponding standard potential (which exists under the assumptions 
(I) and (II)) satisfies the following translation covariance condition: 

(^-f) rfc^(I) = <P{1 + k), for all finite subsets I of lA and all k &1A. 

Such a potential will be said to be translation covariant. 

We consider the set Vt of all translation covariant potentials in V. Namely, 
Vt is defined to be the set of all satisfying all conditions of Definition 5.10, 
i.e., (<?-a,b,c,d,e) and the translation covariance (^-f). 

We make Vt a real vector space as a function space on the set of finite 
subsets of lA by the linear operation given in (5.24). 

In the same way, we define H,- to be the subspace of H such that each 
element H satisfies the following translation covariance condition: 

{H-Vi) Tk{H{V)) = H{I + k) for all k &1A. 

We denote the set of all translation invariant derivations in A(Ao) by At-(Ao). 
Namely, At-(Ao) is the set of all ^-derivations with Ao as their domain, com¬ 
muting with 0 and also with r. 

From Theorems 5.7, 5.12 and 5.13, the following corollaries obviously follow. 

Corollary 8.3. The relation (iJ-iii) (as given in § 5.2) between H S Ht- and 
S G At-(Ao) gives a bijective, real linear map from Ht- to At-(Ao). 


Corollary 8.4. The equations (5.22) and (5.23) for <1> G Vt and H G Ht- give 
a bijective, real linear map from Vt to Ut . 

Corollary 8.5. The equations (5.27) and (5.28) between <l> G Vt and 64 , G 
Ai-(Ao) gives a bijective, real linear map from Vt to At-(Ao). 

For ^ G Ut, we define 


Pll = ||i7({n})|| 

which is independent of n G due to the translation covariance of 'P. It defines 
a norm on Vt. We show that this norm makes Vt a Banach space, after giving 
the following energy estimates. 

Lemma 8.6. For (p G Vt, the following estimate hold : 

||C/(I)|1 < 1177(1)11 < ||<1>|| . |I|, (8.3) 

In particular, */||^|| =0, H = U = <P = 0 (as functions of finite subsets I of 
lA). 
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Proof. For 1 = 0, both sides of the above inequalities are 0. 
For I = {ni,..., n|i|}, we obtain 


Hil) 


Kni^0, kc j} 

^ K 

|I| 

{^(K); K 9 Ui, K ^ m,... K C j| 

i=l K 
I| 

K 9 rii, K C j} 

^ 1=1 K 

I 

i=l 


where the third equality comes from the following identities 




0 if {m,..., Ui-i} n K ^ 0, i.e. {m,..rit-iY K 
^(K) if m,..., rii-i ^ K, i.e. {ni,..., rh-iY D K, 


and the interchange of limjy'Z’' and in the fourth equality is al¬ 

lowed due to ||Fi{ni,...,ni_i}« II = 1- 
The following estimate follows: 


\\Hil)\\ < ^||F;{„,.„„„,_,}c//({ni})|| 

i=l 

|I| 

< ^||i7({nJ)|| = |I|-||<Z>||. (8.4) 

i=l 

Since C/(I) = Ei(^H{l)) and ||£^i|| = 1, we obtain 

||C/(I)|| < ||i?(I)|| < ll'Z'll • |I|. 

If ll^ll = 0, then H{1) = [/(I) = 0 for all I by this estimate and hence <?(I) = 0 
by (5.16). □ 


The following estimate will be used later. 

Lemma 8.7. For disjoint finite subsets I and J of IF, 


||C/(IUJ)-C/(I)|| <||<Z>||-|J|. 


(8.5) 


Proof. Due to I n J = 0, 

U(l U J) - [/(I) = |^(K); KnJy^0, KclUjj. 
Therefore, we have 


[/(lUJ)-C/(I) = Siuji7(J), 
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because H{J) is the sum of ^(K) for all K satisfying K n J ^ 0, and i?iuj 
annihilates all ^(K) for which K is not contained in I U J while it retains ^(K) 
unchanged if K is contained in I U J. Hence 

||[/(IU J) - C/(I)|| = ||£;iuji^(J)ll < ||i?(J)ll < Pll • |J|. 

□ 

Proposition 8.8. Vt is a real Banach space with respect to the norm ||<p|| = 

Proof. Vt is a normed space with respect to ||^||, because 
\\<P,+<P^\\ = \\H^,+^,{{n})\\ 

< \\H^,i{n})\\ + \\H^,{{n})\\ 

= ll^lll + ||^2|| 

||c^>|| = \\cH 4 ,{{n})\\ 

= \c\\\H4{n})\\ = \c\\m, 

for G Vt, and c G M, due to the linear dependence of on ^ and 

because ||<?|| = 0 implies ^(I) = 0 for all I due to Lemma8.6 and (5.16). 

We now show its completeness. Suppose {^n} is a Cauchy sequence in Vt 
with respect to the norm || • ||. Let us denote the corresponding H{T) and U{T) 
for <?„ by Hn{l) and respectively. The linear dependence of H{1) on 

and Lemma 8.6 imply that {iJ„(I)} is a Cauchy sequence in A with respect to 
the C*-norm. Since .4 is a C*-algebra, {iJ„(I)} has a unique limit in A, which 
will be denoted by iJoo(I)- 

Since [/(I) = with |ji?i|| = 1, {[/„(!)} is also a Cauchy sequence in 

A, has a unique limit [/oo(I), and t/oo(I) = (^^oo(I))• 

For each finite subset I of Z", {<^ 71 ( 1 )} also converges to the potential ^oo(I) 
for C /00 (I) in the C*-norm because <?(I) is a finite linear combination of C/(J), 
J C I due to (5.16), and {C/„(J)} converges to C/oo(J) in the C*-norm for every 
such J. For any finite subsets I, J of Z", we obtain 

^{<C)oo(K); Knl^0, KC J} 

K 

= ^lim{<C>„(K); Knly/0, K C j} = lim^{<C>„(K); K C I ^ 0, K C j} 

K ^ ^ K 

= lim Ej (LC„(I)) = Ej (lim /C„(I)) 

= £;j(Hoo(I)), 

where the third equality is due to (5.20). Hence, by (4.23) we have 

(E{‘^“(K); Knl^0, KC J} ) = hm i/j(iLoo(I)) =i^oo(I). 
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Thus <Poo satisfies the condition (<?-e) in the definition of Vr- The other con¬ 
ditions (^-c), (^-d), and are satisfied since each satisfies 

them and lim„ ^„(I) = ??oo(I) for every finite subset I of In conclusion, we 
have (Poc G Vt- 
Finally, we have 

lim = hm |iiJ„({0}) - i?oo({0})|| = 0. 

n n 

We have now shown the completeness of T^r- Q 


8.2 Finite Range Potentials 

Definition 8.9. (1) A potential <P & Vt is said to be of a finite range if there 
exists an r > 0 such that ^(I) = 0 whenever 

diam(I) = max{|i — j|; i,j G l} > r. (8.6) 

The infimum of such r is called the range of‘P. 

(2) The subspace ofV consisting of all potentials <P G V of a finite range is 
denoted byV^. Furthermore, we denote 

Vf = V^r]Vr. (8.7) 

For a G N, Ca denotes the following cube in Z'' 

Ca = {x G ] 0 < Xi < a — 1, i = 1, - • • , v}. (8.8) 

We introduce the following averaged conditional expectation. 

= Trri Ec„,-i, (8.9) 

' iGCa 

where \Ca\ = a'^ is the number of lattice points in Ca, called the volume of Ca- 
(The sum in the above equation is over all translates of Ca which contain the 
origin 0 G Z"".) 

For any finite subset I C Z", I (a, I) denotes the number of translates of Ca 
containing I. By definition, for any to G Z^, 

^(a, I) = ^(a, I-|-to) (8.10) 


We need the following lemma in this subsection and later. 
Lemma 8.10. For a finite I, 


lim 

a—^OO 


^(g, I) 

\Ca\ 


= 1 


( 8 . 11 ) 


Proof. Let d G N be fixed such that there exists a translate Cd + k {k G Z") 
of Cd containing I. For a > d, a translate of Ca contains I if it contains Cd + k. 
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Hence l{a, I) is bigger than the number of translates of Ca which contains Cd, 
which is (a — c? + I)". Hence 


I {a, I) {a-d+lY 

- |Ca| - |C.| 

This shows (8.11). 


1 - 


(d-l) 


1 (a ^ oo). 


□ 


In order to prove that the subspace Vf is dense in Vt , we need the following 
Lemma. 

Lemma 8.11. For any A € A, 

limEa(A)=A. (8.12) 

a—^oo 

Proof. Since Ao is dense in A, there exists A^ G Ao for any e > 0 such that 

P,-H||<e. (8.13) 

Let Ag G ^(le) for a finite Ig. Then there exists a sufficiently large positive 
integer b such that a translate of Cb, say Cb — k, contains both 0 (the origin of 
Z*^) and Ig. If a translate Ca — i of Ca contains Cb — k, then Ec^-i{Ag) = Ag 
because Ca — i A Cb — k D Ig and A^ G -4(1^). Such i belongs to Ca due to 
0 G Cb — k C Ca — i. The number of translates Ca — i of Ca which contains 
Cb — k is equal to Z(a, Cb) (the number of translates of Ca which contains Cb). 
Therefore, we obtain 


\\A,-Ea{A,)\\ 

= (l - E{^C„-*(Ae); l&Ca,Ca-l^Cb-k} 

Hence, by using \\Ec^_i{As)\\ < \\As\\ due to ||T^Ca-i|| = 1. we obtain 

\\A-EaiA,)\\ < (^{l-^E^} + ^{|Ca|-;(a,C,)})p,|| 

By Lemma 8.10 


Hence, there exists ng G N such that for a > n^, 

\\A,-Ea{A,)\\<e. (8.14) 

Hence, for a> n^, 

\\A — Ea{A)\\ < \\A — Ag\\ + \\Ag — Ea{Ag)\\ + \\Ea{Ag — A)\\ 

< 3e 


by (8.13), (8.14) and UTlall = 1. 


□ 
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Theorem 8.12. V( is dense in Vt- 

Proof. Let (P G Vr- For any finite I C Z" containing the origin 0 of 

Eaim) = ( 8 - 15 ) 

because Ec^-i{d>{l)) = ^(I) if Ca — i contains I while Ec^-i{d>{l)) = 0 if Ca — f 
does not contain I due to (<?-d). Note that all translates of Ca which contains I 
appear in the sum (8.9) since I is assumed to contain 0. 

We now consider the following potential 

Ml) = (8.16) 

Due to ^ G Vt, (^-a), (^-b), {d>-c) and (^-d) for <Pa follow automatically. 
Since (P G Vt Is translation covariant and l{a, I) is translation invariant under 
translation off by (8.10), d>a satisfies the translation covariance (^-f). is of a 
finite range because there is no translates of Ca containing I if diam(I) > y/v(a — 
1) and hence /(a, I) = 0 for such I and a{G N). Hence Me) is automatically 
satisfied. Therefore we conclude that (I>a GV^. We compute 

Ea{H,,m)) = 

J90 ieCa 
J30 I “I 

where we have used ifca-i(^(J)) = ^(J) for Ca — i D J and ifca-i(^(J)) = 0 for 
Ca — iif> i due to (<?-d). (Note that if a translate Ca — i contains J, then i G Ca 
due to 0 G J and hence the number of f G Ca, for which Ca — f D J, is l{a, J).) 
By Lemma 8.11, we obtain 

lim||^-^a|| = lim |jiLg>({0}) - iLg>„({0})|| 

a—^cxo a —>00 

= lim ||iC,f({0})-F;a(iL^({0}))|| =0. 

a—>oo 

This completes the proof. □ 


Corollary 8.13. Vt is a separable Banach space. 

Proof. For each n G N, the set of all ^ G Vl with its range not exceeding n is 
a finite dimensional subspace of Vt, because such is determined by <?(I) for a 
finite number of I containing the origin and satisfying diam(I) < n, and so has 
a dense countable subset. Taking union over n G N, we have a countable dense 
subset of V^. By Theorem8.12, the same countable subset is dense in Vt. We 
have now shown that Vt is separable. □ 
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9 Thermodynamic Limit 

The van Hove limits of the densities (volume average) of extensive quantities are 
usually called thermodynamic limits. We now provide their existence theorems. 
The same proof as the case of spin lattice systems (see, e.g., [17], [23] and [40]) 
is applicable to the present Fermion lattice case. We, however, present slightly 
simplified proof by using methods different from those of the known proof. First 
we derive a surface energy estimate which we will find useful and crucial in the 
argument of the present section. 

9.1 Surface Energy Estimate 

Lemma 9.1. For <P € Vr, 


v.H. lim 

I—^OO 


l|W^(I)ll 

|I| 


= 0 


(9.1) 


Proof. Let {Iq,} be an arbitrary van Hove net of IF. For n & IF and a finite 
subset I of let 


f^„(I) 


lim^ |<?(K); K 9 n, K n I^ 0, K C j| 


^hm (i7j({n})-F;i{i7j({n})}) 


Let Bf (n) be the intersection of Br{n) (the ball with its center n and radius 
r) and Z". If n € I and n ^ surfj.(I), then Bf (n) C I and hence 




Therefore, 

VF„(I) = H{{n}) - - Ei{H{{n}) - i7Br(n)({^})}- 

From this, we obtain 


||W„(I)|| <2|li^({n})-i^B^(n)(M)ll• 

By (5.23), for given £ > 0, we can take sufficiently large r > 0 (hence sufficiently 
large 5^.(0) ) satisfying 

|li7({0})-i75z.(o)({0})||<|. 


By the translation covariance assumption on we have 


||H({n})-i7B.(„)({n})|| = 


< 


|r„{i7({0})-iJBr(o)({0})} 

||iJ({0})-iJsz.(o)({0})|| 

£ 

4' 
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Hence 


l|w^4i)ll < 

if n e I and n ^ surf^(I). 

For I = [ni,, n|i|}, we have 


(9.2) 


and hence 


|i| 

W{l)=Y,Ein,,...,n,.,VWn,il) 


Z=1 


(9.3) 


|i| 

i=l 

For n = rii ^ surfj.(I), we use the estimate (9.2) for ||fF„(I)||. For n = Ui G 
surfr(I), we use 

||fF„(I)|| = ||H(M)-F;i(i7({n}))|| <2||iJ({n})|| =2||<l>||. 

Then 

||fF(I)||< 1-111+2|!<?||.|surf,(I)|. (9.5) 

Since {!„} is a van Hove net, there exists such that, for a> 

|surfr(Ia)| e 
|I«I 4||<?||' 

For such a, we obtain 

ll»'(C)ll 

|C| 

which completes the proof. □ 


Lemma 9.2. Let {Iq,} he a van Hove net of . For each and a S N, take 
a set of mutually disjoint n~(Ia) translates ofCa which are all packed in 

Iq,. For any e > 0, take an oo G N such that ||VF(Ca)|| < |Ca|£/2 for all a > ag. 
For any such a, there exists an ao{a) such that, for a > ao{a), 




i—1 


(9.6) 

"a (+) 



||[/(Iq)- ^ C/(i4f’“^)|| 

< (la) l^a \^i 

(9.7) 

2 ^ ^ (lQ:)|Ca| ^ 2 

e 

' ll/f^ll ■ 

(9.8) 
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Proof. Before we start the proof, we note that the existence of oq is guaranteed 
by Lemma 9.1. Let us set 






Obviously 


|£)/(a.a)| < 


(na (la) - (Ia))|Ca|, 


nJ(Ia)|Ca| > |I„| >n-(I„)|Ca|. 


From this, we obtain 


^ y |Ia I ^ (Ig) 

n^(Ia)|Ca| “ n^’(Ia)’ 
^ > ng (Ia)|Ca| ^ n-(Ia) 

“ |Ia| “ ni’(Ia) 


On the other hand, 


na(IO 




n^(IO 

= E 






Therefore, 


na(IO ny(I„) 

/‘/■('nO.alpi / Y^ I 


iiL(i„)- ^ t/(i?r“oii < ^ iiw^(^r“oii + 


< n,"(I„)|Cg|.- + ||<l>|l|Zl' 


(9.10) 


where in the second inequality the assumption |jlT(Ca)|| < \Ca\e/2 together 
with the translation covariance of ^ are used for ||lF(Lli"^’°'^)||, and Lemma 8.6 
is used for Due to condition (1) for the van Hove limit, there 

exists Q;o(a) for given ei > 0 such that, for a > ao{a), 


n / 1 (Ig) , _ 

0 < 1-q——- < £1- 

nd(Ia) 


(9.11) 


If £i < 1, then 


n^(Ia) < -j-—ng(Ia), 

i — £l 


< n+(I„)£i|Cg| < -^n-(I„)|Cg 

1 — £l 
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Now we choose £i which satisfies 


ll^ll < e, and (0 <)ei < 1. (9-12) 

1 - ei 

Then from (9.10) and (9.12), we have 

"a (Ic) 

||i7(I„)- ^ U{D^r^)\\ < n-(I„)|Ca|-f+ |i<Z>||-^n~(I„)|Ca| 

, ^ t — El 

1—1 

= n-(I„)|C,|(| + ^||<l>||) 

< n-(I„)|Ca|e. 

We also have 

na(Io) na(Ic) 

||C/(I„)- ^ C/(A^“’“^)|| = \\E^^(h{1^)- Y. C/(i2f’“^))|| 

i=l i=l 

Due to (9.12), 

By (9.9), (9.11) and this inequality, we obtain 

n~(Ia)|Ca| ^ , £ 

- iioi - m' 

□ 

9.2 Pressure 

Theorem 9.3. Assume <P G Vr- 

(1) The following limit exists: 

p{<P) = v.H. lim logr(e“^^^^) 

I—^OO |I| 

= v.H. lim — logT(e“^^^^). (9.13) 

1^00 |1| 

(2) pi’P) is a convex functional offl^ satisfying the following continuity property: 

p{<T)-p{E) <||^-'f'||. (9.14) 

Proof. We first prove (!) in four steps. 

Step 1. We need the following well-known matrix inequality: 

|logT(e-^)-logT(e-^)| < ||T-i?||, (9.15) 


63 



for A, B ^ Ao- This follows from the following computation: 


|logT(e ^)-logT(e ^)| = ^ 


d\ 


T(g-AA-(1-A)B . [B-A)) 

T-(e-A^-(i-A)B) 


■d\ 


<II^-S||, 


where we have used the fact that T{e‘^x )for c = c* € is a state function 
of X G ^ and hence bounded by ||x||. Setting B = 0 and noting logT(e“^) = 0 
for B = 0, we have 


|logT(e-^)|<||A||. (9.16) 

Step 2. We use the notation in the preceding Lemma. Because with 

distinct i’s mutually commute due to the disjointness of (5.21), (4.8) 

and i'l’-c), we have 


logr(e{-SSi‘'“'^(^'“’“’)>) =logr( 

nf(Ic) n-{l^) 

= log = X! logT(e“^l^‘‘ ’ *1) 

= n-(I„)logr(e-^(‘'“)), (9.17) 

where the second equality is due to the product property (4.13) of the tracial 
state, and the last equality follows from the translation covariance {'PA). By 
(9.16), (8.3) and (9.8), we have 


ng (Ig) 

|Io| 


logT(e 


^logqe-W.)) 


< £. 


Step 3. By (9.17), (9.18), (9.15), (9.6) and (9.8), 


(9.18) 


|T, 

< 2£ 




^)logqe-..)| 

(9.19) 


for any a > ao(a). Hence for any a,P> 00 ( 0)1 we have 


Tl„g,(e-»C.))- 1 bgqe-»lW) 

|1q| |1/3| 


< 4£. 


Therefore, ^1-|- logT(e jg a Cauchy net in R and has the (van Hove) limit. 

Step 4. Due to 


v.H. lim 

I—^00 


l|g(I)-t/(I)|| 

|I| 


= v.H. lim 

I—>cxo 


l|W^(I)ll 

III 


= 0 
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and 


I logr(e-^m) - logr(e-^«)| < |lil(l) - C/(I)||, 

the convergence of logT(e“^^^“^) implies that of ^ logT(e“^^^“^) to the 
same value. 

Now we prove (3). Since is linear in <P, we have the convexity of 

logr(e“'^’^*-^)) in ^ due to the well-known convexity of the function: 

A logT(e(^+^'®)) forA = A*andB = B*. 

Hence the convexity of p(^) follows. By (9.15), the linearity of i?g>(I) in and 
(8.3), we obtain 

itlogr(e-''»l'))-llogr(e-''*<'>) 

< w^-n 

for any finite I. Hence (9.14) follows. □ 

The pressure functional P{'P) oi <P G Vt is conventionally defined by using 
the matrix trace in contrast to p{’P) in the preceding theorem defined in terms 
of the tracial state: 

P{'P) = v.H. lim logTri(e“^^^^) (= v.H. lim logTri(e“^^^^)'), (9.20) 

where Tri denotes the matrix trace on Al(I) and hence TVi = 2^^W. Therefore, 
for any <P eVr, 

P{$) =p{$) +log2. (9.21) 

Due to the preceding theorem, we have obviously 

Corollary 9.4. Assume (p GVt- 

(1) The following limit exists: 

P{<P) = v.H. lim -^logTri(e“^W) 

I—»-cxo |I| 

= V.H. lim -^logTri(e“'^W). (9.22) 

l—*X |I| 

(2) Pi<P) is a convex functional of<P satisfying the following continuity property: 

P{'P)-P{T) <\\^-T\\. (9.23) 

Remark. We have 

p(o) = o, \pm<\m (9.24) 

which do not hold for P{<P). 
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9.3 Mean Energy 

Theorem 9.5. For <P G Vt and a translation invariant state oj of A, the fol¬ 
lowing limit exists: 

e^tui) = v.H. lim —uj{H(1)) 

1^00 |I| ^ ' 

= ■i^w(J7(I)). (9.25) 

The mean energy 64 ,( 01 ) so obtained is linear in T>, affine in ui, bounded by ||^||, 
and weahf eontinuous in to: 

ec 4 ,+d’^(aj) = ce 4 (o>)de,p(uj) (c, c? G K.), (9.26) 

e4,(Xuii “1“ (1 — A)u.’2 ) = Xe4,(uii) “F (1 — X)e4,(ui2) (0 ^ A ^ 1), (9.27) 

\e4iui)\ < \m, (9.28) 

lime<f(w.v) = 64 ,( 01 ), (9.29) 

7 

where T> and F are in Vr, oi,oii,(oi 2 and are in Aff^, and {oi-f\ is a net 
converging to to in the weak* topology. 

Proof. By the argument leading to (9.19) in Theorem 9.3, there exists a G N 
and ao(a) for any given e > 0 such that for all a > ao(a) 

^^ui{H(l^)) - j^^oi{U(Ca)) <2e, (9.30) 

where we can take the same a G N and ao(a) uniformly in w G Af i. This esti¬ 
mate implies that |■iy-^a;(i^(IQ)) | is a Cauchy net in M and hence converges. 

Since w(i7(I)) is linear in F and affine in w, so is e<p(oi). Due to (8.3), we 
obtain \e 4 ,(oi)\ < ||^||. 

Finally we show the continuity in ui. Let be a net of states converging 

to 01 in the weak* topology. For any £ > 0, we fix a G N satisfying (9.30) for 
all a > ao(a) and for all states to. From the weak* convergence of {^ 7)7 to w, 
there exixts 7 ^ such that for all 7 > 7 e 

■j^—j- Ol(U(Ca)) — 0!-f(U(Ca)) < S. 

Thus we have 

^o;(i7(I„)) - ^a;^(iJ(I„)) < 5s, 

for all a > ao(a). By taking the van Hove limit, we obtain 

|e<f(w) — e<z>(w7)| < 5s 

for all 7 > 7 e. Hence 64 ,( 01 ) is continuous in ui relative to the weak* topology. 

□ 
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10 Entropy for Fermion Systems 

10.1 SSA for Fermion Systems 

We first show the SSA property of entropy for the Fermion case, which is a 
consequence of the results on the conditional expectations in § 3 and § 4. 

Theorem 10.1. For finite subsets I and J oflF, the strong subadditivity (SSA) 
of S holds for any state tp of A: 

5(V'iuj) - Si^Pi) - + 5(V>inj) < 0, (10.1) 

where ipK denotes the restriction of ip to A{K). S in this inequality can be 
replaced by S: 


SifJiui) - Sifji) - Sifj,) + A(V^inj) < 0. (10.2) 

Proof. The SSA of S follows from Theorem 3.7 and Theorem 4.13. By (3.1) 
and 


log - log 2 l^l - log 2 l+ log = 0 , 

the SSA of S implies that of S. □ 

Remark 1. The strong subadditivity can be rewritten as 

^(^123) - ^(V'ls) - ^(fe) + ^(V's) < 0, (10.3) 

for any disjoint subsets Ii, I 2 and I 3 of IF, where ipi 2 ‘i denotes the restriction 
of Ip to Aili U I 2 U I 3 ), and so on. 

Remark 2. The SSA for Fermion systems above does not seem to follow from 
those for the tensor product systems ([27], [28]) in any obvious way. 

Remark 3. Note that the SSA for Fermion systems holds whether the state 
Ip is 0-even or not. For two disjoint finite regions I and J, the so-called triangle 
inequality of entropy 


15'('i/'i) - 5'('i/'j)| < S{ipiuj) 

is known to hold for quantum spin lattice systems [1]. However, it can fail for 
Fermion lattice systems when ip breaks 0-evenness (see a concrete example in 
[33]). 

The following is a special case of Theorem 10.1 when I n J = 0. 

Corollary 10.2. For disjoint finite subsets I and J, the following subadditivity 
holds. 


S{iPiuj)<S{iPi) + S{iPj), (10.4) 

SiiPiu3)<SiiPi) + SiiPj). (10.5) 
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10.2 Mean Entropy 

We now show the existence of mean entropy (von Neumann entropy density) 
for translation invariant states of A. 

For s = (si,... ,s„) € N'', we define Rs as the following box region with edges 
of length Si — 1 containing Si points of Z‘' and with the volume |i?s| = 

Rs = {x G Z'^ ; 0 < Xi < Si — 1, i = 1, ..., i^}. (10.6) 

Theorem 10.3. Let u) be a translation invariant state. The van Hove limit 

s{u)) = v.H. lim —S'(a;i) (10-7) 

1.^00 |1| 

exists and is given as the following infimum 

The mean entropy functional 

w s(w) G [0, log2] (10.9) 

defined on the set of translation invariant states is affine and upper semi- 
continuous with respect to the weak* topology. 

Proof. The SSA property of von Neumann entropy proved in Theorem 10.1 is 
sufficient for the same proof of this Theorem as in the case of quantum spin 
lattice systems. (See e.g. Proposition 6.2.38 of [17].) □ 

The following results about Lipschitz continuity of bounded affine functions 
on a state space and, in particular, of entropy density are known. 

Proposition 10.4. A bounded affine function f on A*ifi satisfies 

Ifitoi) - /(W2)| < (M/2)||wi - a;2|| (10.10) 

for any 0Ji,ui2 G A*fi, where 

M = sup{|/(wi) - /(a; 2 )| ; wi,W 2 G A+Ci}. 

Corollary 10.5. The mean entropy s(a;) satisfies 

|s(wi) - s(w 2 )| < i(log2)||wi -u; 2 || (10.11) 

for any uJi,u }2 G Affi . 

Proposition 10.4 is the first equation on page 108 of [23] and Corollary 10.5 
is Corollary IV.4.3 on the same page of [23]. The inequality (10.11) without ^ 
factor is obtained in [20]. The coefficient |log2 is best possible, the equality 
being reached by wi = t and any pure translation invariant state L 02 with 
vanishing mean entropy s(u; 2 ) = 0, in which case jju;i — a' 2 l| = 2 because ttt 
( type II) and (type I) are disjoint. An example of such an a ;2 is given by 
Theorem 11.2 as a ‘product state extension’ of 0-even pure states (pi of A({f}) 
{i G Z'') satisfying the covariance condition Tf.(pi = pi+k for all k G Z''. 
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We define mean entropy s{uj) for to G by using trace r instead of matrix 
trace Tri for each finite I: 


s(w) = v.H. lim —S'(a;i). 

I—»-oo |i| 

It is obviously related to s(w) by 

s(w) = s(w) + log 2 , 


( 10 . 12 ) 


(10.13) 


for any w G ^+4 • 

10.3 Entropy Inequalities for Translation Invariant States 

In addition to Theorem 10.3, the SSA property of von Neumann entropy plays an 
essential role in the derivation of some basic entropy inequalities for the present 
Fermion lattice systems in the same way as for quantum spin lattice systems. 
The following two consequences are about monotone properties of entropy as 
a function on the set of box regions of the lattice; the first one is a monotone 
decreasing property of the finite-volume entropy density and the second one is 
a monotone increasing property of the entropy. 

Theorem 10.6. Let w he a translation invariant state on A and let Rs and Rs> 
be finite boxes of such that Rs C Rs' ■ Then 

^ Tj^ r5'(wR,/)) (10.14) 

\Rs\ 

^(wkJ < S{ujr^,). (10.15) 

This theorem follows from [24], where (10.14) and (10.15) are derived from 
the following properties without any other input. 

• Positivity and finiteness of the entropy of every local region, 

• Strong subadditivity. 

• Shift invariance. 

In [16], sufhcient conditions are given for a sequence of regions of more 
general shape than boxes which guarantee a monotone decreasing property of 
the form (10.14) for any translation invariant state oj. This result also applies 
to our Fermion lattice systems. 


11 Variational Principle 

We first prove the existence of a (unique) product state extension of given states 
in any (finite or infinite) number of mutually disjoint regions under the condition 
that all given states except for at most one are 0 -even. 

This result is a crucial tool to overcome possible difficulties which originate 
in the non-commutativity of Fermion systems in connection with the proof of 
variational equality in this section and in the equivalence proof of the variational 
principle with the KMS condition in the next section. 
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11.1 Extension of Even States 

For each I, .4(1) is invariant under 0 and hence the restriction of 0 to .4(1) is 
an automorphism of .4(1) and will be denoted by the same symbol 0. We need 
the following lemma. 

Lemma 11.1. Let 1 be a finite subset of IL. Let ip be a state of A{1) and 
g G .4(1) be its adjusted density matrix : 

ip{A) =T{gA) =TiAg), (A e .4(1)). 

Then ip is an even state if and only if g is 0-even. 

Proof. Since the tracial state r is invariant under any automorphism, we obtain 

p(A) = (/?(0(A)) = r(£»0(A)) = t(0{£»0(A)}) 

= 'r(0(e')^) 

if p is even. By the uniqueness of the density matrix, we have 0(g) = g. 

By the same computation, i^(0(A)) = p(A) for every A G .4(1) if 0(g) = g. 

□ 


Theorem 11.2. Let {L} be a (finite or infinite) family of mutually disjoint 
subsets of IT and pi be a state of A(li) for each i. Let I = Uil*- Then there 
exists a state p of .4(1) satisfying 


p(A,^■■■A,J = Y[TiJ(A^^) ( 11 . 1 ) 

1=1 

for any set (ii, • • • , in) of distinct indices and for any Ay G A(ly) if all states 
Pi except for at most one are 0-even. When such p exists, it is unique. 

Proof. (Case 1) A finite family of finite subsets {L}, i = 1, - ■ ■ ,n. 

For each i, let gi be the density matrix of pp. 

Pi(A) =T(giA) =T(Agi), (A G A(Ii)), 
gi G A(li), gi > 0, ft(l) = 1. 

If Pi is 0-even, then gi is 0-even, namely, 

gi G A(Ii)+. 

If all states pi except for one is even, all gi except for one belong to A(Ii)+. 
Thus each gi commutes with any gj. The product 

g = gn-"gi ( 11 - 2 ) 

is a product of mutually commuting non-negative hermitian operators and hence 
it is positive. Define 


p(A) = T(gA), AgA(1). 


(11.3) 
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By the product property of r (4.13), we have 


ip{Ai---An) = t{qAi ■ ■ ■ An) = T{Qn-l ■ ■ ■ giAi ■ ■ ■ An-iAnQn) 
= T{gn-1 ■ ■ ■ giAi ■ ■ ■ An-l)T{Angn) 

= T{gn-1- ■ ■ giAi- ■ ■ An-l)(pniAn). 

Using this recursively, we obtain 


ip(Ai ■ --An) = '^ipi{Ai). 

i=l 

This also shows = 1. Hence the existence is proved for Case 1. 

Since the monomials of the form (4.2) with all indices in I are total in .4(1), 
the uniqueness of a state ip of .4(1) satisfying the product property (11.1) follows. 
(Case2) A general family {h}. 

Let {Lfc} be an increasing sequence of finite subsets of lA such that their 
union is W. Set = b C and = inL^ for each k. For each k, only a finite 
number (which will be denoted by n{k)) of are non-empty and all of them 
are finite subsets of lA. Note that the restriction of an even state ipi to Ail^) 
is even. Hence we can apply the result for Case 1 to {if}. We obtain a unique 
product state (f^ of A(I^) satisfying 

n(k) 

^\A,, ■. • A,„(„) = n G 41(1^-)- (11-4) 

1=1 

By the uniqueness already proved, the restriction of ip^ to A(I*) for I < k 
coincides with (pK There exists a state ipo of the *-algebra UfcA(I^) defined by 

ip.iA) = ip'^iA) 

for A G .4(1^). Since Ufcl^ = I, UfcA(I^) is dense in A(I). Then there exists a 
unique continuous extension (p of (fo to A(I) and is a state of A(I). 

Take an arbitrary index n. Let 

A = Ai ■ ■ - An, Ai G A{li). 

Set 4f = UlJA,) g A(lf). Since U / Z", 

Ai = limAf, 

k 

A = lim(4f...4f). 

k 

Hence 

^(A) = \imipiAl--At) 

k 

n 

= lim/(4f...4f)=limn<^.(A") 

n 

= W'A^{A^). 
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Thus ip satisfies the product property (11-1). 

The uniqueness of p is proved in the same way as Case 1. □ 

Remark 1. This result is given in Theorem 5.4. of Power’s Thesis [36]. 

Remark 2. The unique product state extension p is even if and only if all 
Pi are even. 

Remark 3. The condition that all pi except for at most one are 0-even can 
be shown to be necessary for the existence of the product state extension p 
satisfying (11.1) [14]. 

Lemma 11.3. Let {L} he a finite family of mutually disjoint finite subsets of 
1}'. Let Pi be a state of A{li) for each i and all pi be 0-even with at most one 
exception. Let p be their product state extension given by Theorem 11.2. Then 

s{p) =Y^Sipi), S{p) = Y^S{pi). (11.5) 

i i 

Proof. This follows from the computation using the density matrix (11.2). 

s{p) = -p{\ogQ) = -^(/?(logft) = -Y^p^{\oggi) =Y^S{g^). (11.6) 

i i i 

Here the mutual commutativity of gi is used. Due to jlj = jL], we can re¬ 
place S' by S'. □ 


11.2 Variational Inequality 

We have already quoted the positivity of relative entropy: 

Si-f, p) = ri^p^logp^ - p^logpp^ > 0, (11.7) 

where the equality holds if and only if p = ip. 

Recall our notation (7.14) for the local Gibbs state pf of .4(1) with respect 
to {<L, (3). Let w be a state of A. Substituting ip = p^ and p = ui into (11.7), 
we obtain 

Sipl, LOi) = -S(wi) + /3w([/(I)) + logr(e-^^(^)) > 0. (11.8) 

Now we assume that u is translation invariant. By dividing the above inequality 
by jlj and then taking the van Hove limit I ^ oo, we obtain the following 
variational inequality 

p{P<P) > s{uj) - fje^iuj), ( 11 - 9 ) 

where s(w) is given by (10.12). Equivalently, we have 

P{f3T>) > s(w) - I3e^{ui). (11.10) 
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11.3 Variational Equality 

The variational inequality in the preceding subsection is now strengthened to 
the following variational equality. 

Theorem 11.4. Then 

P{P<P) = sup |s(w) —/3ei.(w)|, (11-11) 

where P{I3<I>), s{u)) and e,p denote the pressure, mean entropy and mean energy, 
respectively, and denotes the set of all translation invariant states of A. 

Proof. The proof below will be carried out in the same way as for classical or 
quantum lattice systems ([37] or e.g., Theorem III.4.5 in [40]), with a help of 
the product state extension provided by Theorem 11.2. 

By the variational inequality (11.10), we only have to find a sequence {p„} 
of translation invariant states of A satisfying 

{siPn) - Pe^{pn)} ^ P{PT>) (n^oo). (11-12) 

For this purpose, we interrupt the proof and show the following lemma 
about mean entropy and mean energy of periodic states. It corresponds to 
Theorem 10.3 and Theorem 9.5 for translation invariant states. 

Lemma 11.5. Let a € N, w be an alT-invariant state and <P G Vt- 
(1) The mean entropy 


s{uj) = lim 


I \Cna\ 


(11.13) 


exists. It is affine, weak* upper semicontinuous in u and translation invariant: 


s(cv) = s(t^(cv)), (keZ‘'). 


(2) The mean energy 


e${uj) = lim 


iu;{U{Cna)) 

\Cna\ 


(11.14) 


(11.15) 


exists. It is linear in <P, bounded by ||‘^||, affine and weak* continuous in oj, and 
translation invariant: 


(w) = e^)(r^(w)), {kGiT). (11.16) 

Proof. We introduce a new lattice system (.4“, .4“(I)) where the total algebra 
A°' is equal to A and its local algebra is ^“(I) = .4(Umei(Co + am)) for each 
finite subset I of 

For this new system (.4“, {.4“(I)}), we assign its local Hamiltonian 
H^l) = H{u^^i{Ca + am)) 

to each finite I, where H{-) denotes a local Hamiltonian of the original system 

(A {.4(1)}). 
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If oj is an aZ'^-invariant state of the system {A, {^(I)}), then it goes over to 
a translation invariant state of the new system {^“(I)}). 

We denote mean entropy and mean energy of uj for the system {A°', {^“(I)}) 
by and e|(a;) which are shown to exist by Theorem 10.3 and Theorem 9.5. 

Because of the scale change, we have 

s{u}) = lim = |Car^s“(w), (11-17) 

n^oo |C„a| 

= lim ^ \Ca\~^e'^{u}). (11.18) 

n^oo |C„o| 

Hence those properties of mean entropy and mean energy of translation invariant 
states given in Theorem 10.3 and Theorem 9.5 go over to those for periodic 
states. 

Now we show (11.14) for any aZ'^-invariant state co and any k & W. Due to 
the aZ'^-invariance of oj, we only have to show the assertion for any k G Ca- For 
any n G N, we have 


-5'('rfcwU(c„„)) =-5'(wU(c„„+fc)), (11.19) 

which is to be compared with >S'(a;|yt(c„„)). 

Since /c G Ca, we have 

C{n-l)a + a(l) • • • ) 1) C Cna + A: C C(^n+l)a- (11.20) 

By (3.2), (10.5), and the periodicity of w. 


S{^A{Cr,a+k)) < 'S'(w^(C(„_i)„)) + {\Cna\ — |C(„_i)a|} log 2, 

^{‘-^A{Cna.+k)) — 'S'(^.A(C(„+i)a)) ~ {|l'(n+l)al ~ |Cno|}log2. 


Due to 


lim , = 1 , lim , = 1 , 


|F(„_l)o| n^ca |C(„_|_i)o| 


( 11 . 21 ) 


and (11.19), we obtain 


■s(T-fcw) = lim 


-5'(wx(C„a+fc)) 


\C„ 


,. S{ujA(C„a)) , X 
= lim -—-= s(w), 

n^c50 |C„o| 


which is the desired equality (11.14). 

It remains to show (11.16). Applying the inequality (8.5) to the pair I = 
(C(„-i)a + a(l, • • • , 1)), J = {Cna + k) \ {C(„_i)a + a(l, • • • ,1)} and to the pair 
I = (C(„_i)a + a(l, • • • , 1)), J = C„a \ {C(n-I)a + a(l, ’ ’ ’ , 1)}, we obtain 

\\U{Cna)-UiCna + k)\\ < || t/(C„a) - [/(I) || + || [/(I) - C/(C„a + *) || 

< 2||^||||C„a| ~ |C(n-l)a|}) 
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where I = (C(„_i)o + a(l, • • • , 1)). Hence due to (11.21) and the periodicity of 


/ * ^ y ^{U{Cna + k)) 

e<f(Tfea;) = hm -— - 

n^oo \Cna\ 

io{U{Cna)) ! ^ 
= hm - tt:; -:- = eg>(w), 


\C„ 


which is the desired equality (11.16). 


□ 


Now we resume the proof of Theorem 11.4. 

Proof of Theorem 11.4 (continued) . 

Due to 0-evenness of the internal energy 17(1) for every finite I C we 
have 


G 7l(I) 


* 0 
+ ,1- 


( 11 . 22 ) 


Let a G N. For distinct m & IT, {Ca + am} are mutually disjoint and their 
union for all m & W is Z*^. 

We apply Theorem 11.2 to the local Gibbs states Pc^+am ^ -^(Ca + am)^ 
m £ IT and obtain an even product state of A, which we denote by 

For any k & IT, T*]^(p'4 = (fia by the uniqueness of the product state with the 
same component states. Thus ip'4 is an aZ'^-invariant state. 

By using if‘4 we construct an averaged state which is translation invariant 
as follows: 




-E 

m^Ca 




|Ca| 


A*T 


(11.23) 


We now show (11.12) by taking = (p^. By affine dependence of s and e<f 
on the space of periodic states in Lemma 11.5, 

E 

m^Ca 

\Ca\~^ E e<l>«:Pa). 

m^Ca 

Due to (11.14) and (11.16), they imply 

s(^) = s(p>l), (11.24) 

e<f(<7a) = eg>((p((). (11.25) 

By (11.24), we have 

s(^I) = s(ipl) = J^^S(ip'ca) 

= i^{logTrc„(e-^^(‘'“))+M([/(Ca))}, (11.26) 

where the last equality is given by the substitution of an explicit form of the 
density matrix of the local Gibbs state in Definition 7.3. 


siPa) = 
e<f(^I) = 
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In order to show (11.12), we now compare with \h,‘Pl{U{Ca)) in 

(11.26). Let fc e N and consider the following division of Cka as a disjoint union 
of translates of Ca- 

Cka= U (Ca + am). (11.27) 

mGCk 

We give the lexicographic ordering for elements in Ck and set 

= [J (Ca + am') 

m' <.m 

for m G Ck- For any fc G N, 

U{Cka)— ^ U{Ca + am) = E ^{Cka\c^jW{Ca + am). 

m£Ck m^Ck 


By ||i?|| < 1 and the translation covariance (^-f) of the potential (P, we obtain 


^||[/(Cfe,)- ^ [/(Ca + am)II < ^(|Cfe|-||W(Ca 

I ka\ mGCk ' 

l|W^(Ca)ll 

|Ca| ■ 


(11.28) 


Therefore, by (9.1), there exists oq G N for any £ > 0 such that for all a > oq 


E|c/(Cfco)- ^ [/(Ca + am)| 


|Cfea 


rrieCfc 


< e. 


(11.29) 


Note that the above qq can be taken independent of /c G N. For any a G N, 
‘Pl{U{Ca + am)) = (pl{U{Ca)), 

for any m € Ij’' , due to the aZ'^-invariance of cp'^. Therefore, we obtain 




for a > ao- By taking the limit k —>■ oo, we have 


< e, 


1 




< e. 


From this estimate, (11.25 ) and (11.26 ), it follows that 

si^a) - - |^logTrc„(e"^^(‘^“)) < \P\e, 

for all a > qq. This proves (11.12) for p„ = (/?() in view of (9.22). 


□ 
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11.4 Variational Principle 

Definition 11.6. Any translation invariant state ip satisfying 

P{f3^) = s(p) - I3e^{p) (11.30) 

(namely, maximizing the functional s — /3e$) is called a solution of the {<P, (3)- 
variational principle (or a translation invariant equilibrium state for <P at the 
inverse temperature j3). The set of all solutions of the (T>, P)-variational prin¬ 
ciple is denoted by 

A/3S. = {v?; G P{P<T) = s{(p) - Pe.p{(p)} . (11.31) 


Remark 1. Since Pe<p(ip) = e/3i>((/9), the condition p G is equivalent to the 
condition that (/? is a solution of the l)-variational principle, and hence 
Ai 3 ,p is a consistent notation. 

Remark 2. In the usual physical convention, the functional s — /3e$ is —/3 times 
the free energy functional. 


Theorem 11.7. For any <l> G Vt and /3 G K., there exists a solution p{G .A+p) 
of (T>, P)-variational principle, namely, 

A/3<f 0. 

Proof. {Pa} in the proof of Theorem 11.4 has an accumulation point in 
by the weak*-compactness of A^^i- Let p be any such accumulation point. By 
the proof of Theorem 11.4, the weak* continuity of e<f and the weak* upper 
semicontinuity of s in w, the state p satisfies 

P{P<T) = lim (s(^) - /3e<z>(^)) < s{p) - Pe^{p). (11.32) 

By (11.10), we obtain (11.30) □ 

Our Fermion algebra A is not asymptotically abelian with respect to the 
lattice translations, but if w is translation invariant state of A, it is well known 
that the pair {A,uj) is Z'^-abelian and that to is automatically even (see, for 
example. Example 5.2.21 in [17]). From this consideration and Theorem 11.4, 
we obtain the following result, which corresponds to Theorem 6.2.44 in [17] in 
the case of quantum spin lattice systems, by the same argument as for that 
theorem. 

For a convex set K, we denote the set of extremal points of K by £{K). 

Proposition 11.8. For <P G Vt and P G M., Ap^, is a simplex with £{Ap 4 ,) C 
£{A*P'P) and the unique barycentric decomposition of each p in Ap^p coincides 
with its unique ergodic decomposition. 
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12 Equivalence of Variational Principle and KMS 
Condition 

Among 5 steps for establishing the equivalence stated in the title (which are 
described in § 1), Step (1) “KMS condition Gibbs condition” is obtained in 
Theorem 7.5 in § 7.4, Step (4) “dKMS condition on Ao dKMS condition on 
D{Sa)” is obtained in Corollary 6.7, and Step (5) “dKMS condition on D{Sa) 
KMS condition” is stated in Theorem 6.4. 

In this section, we complete the remaining two steps of proof by showing Step 
(2) “Gibbs condition Variational principle” in § 12.1 and Step (3) “Variational 
principle dKMS condition on Ao” in § 12.3. As a preparation for the latter, 
some tools of convex analysis is gathered in § 12.2. 


12.1 Variational Principle from Gibbs Condition 

Proposition 12.1. For <P G Vt, each translation invariant state ip satisfying 
P)-Gibhs condition is a solution of the {<P, P)-variational principle. 


Proof. We follow the method of proof in [6]. The Gibbs condition for ip implies 






. 4 ( 1 ) 


= Fi 


( 12 . 1 ) 


for every finite subset I, where ip^ is given by (7.14), and denotes the 

normalization of given by (7.8). 

By (11.8) with uj replaced by (p, we have 


S{F'i,F\) = -^(tpi)+/3(/j(17(I))+logr(e 

= -S{pi)+pg,{U{l)) + logTri(e-^f^m). 


( 12 . 2 ) 


Since relative entropy is non-negative and is monotone non-increasing under 
restriction of states, it follows that 


0 < S{ipl ipi) < s{ 

By (7.8), (7.10) and (7.9), we have 


if' 


pw{i) 


. 7’)- 




A 


pwA) 


, (^) = log(<^^'^«(l))-<p(/31T(I)) < 2\\pWi\\. 


From these estimates and (12.2), it follows that 

0 < S{p<i, (^i) = -5 (¥>i) +/3^([/(I)) +logTri(e-^^«) < 2\\pWi\\. 

(Up to this point, the assumption of translation invariance of ip is irrelevant.) 

We now divide the above inequality by |I| and take the van Hove limit I ^ oo. 
Then by the translation invariance of ip and (9.1), we obtain 


s{ip) - Pe,p{ip) = P{P^), 


which completes the proof. 


□ 


Combining this proposition with Theorem 7.5, we immediately obtain the 
following. 
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Corollary 12.2. Let at be a dynamics of A satisfying the Assumptions (II) 
and (IV) in ^ 5 and be the (translation covariant) standard potential uniquely 
corresponding to this at- If (p is a translation invariant {at , (3)-KMS state of 
A, then p is a solution of the {<1, P)-variational principle. 

We have now completed the proof of Theorem A. 

12.2 Some Tools of Convex Analysis 

We use the pressure functional <P G Vt -P(^) G which is a norm continuous 
convex function on the Banach space Vt due to Corollary 9.4. 

A continuous linear functional a G V( (the dual of Vt) is called a tangent 
of the functional P dX <I> G Vr A it satisfies 

P{‘L + I>)>P{<L)+a{'P) (12.3) 


for all L'GVt- 

Proposition 12.3. For any solution p of the {<P, 1)-variational principle, define 

a^iW) = -e^{p) (12.4) 

for all 'P GVt- Then a^p is a tangent ofVr at <P. 

Proof. By linear dependence (9.26) of e^ on P, a^p is a linear functional on Vt. 
Due to \ei,{p)\ < ||'f'|| given by (9.28), we have a^ G Vf. Due to the variational 
inequality (11.10), 


P{<I>-\-P) > s{p) — e 4 ,+,i,{p) 

= s{p) - e${p) - e^{p) 
= P{P) + a^{P) 


for all P G Vt, where the last equality is due to the assumption that p is a 
solution of the {P, l)-variational principle. □ 

(We will establish the bijectivity between solutions of the {P, /3)-variational 
principle and tangents of P at PP through (12.4) in Theorem 12.10.) 

Since P{P + kP) is a convex continuous function of fc € R for any fixed 
P,P G Vt, there exist its right and left derivatives at k = 0, 


{D$p)m 


p{<^ ^ M) - pm 

lim -;- 

fc— h 


By the convexity of P, 


{D+P){P) > {D^P){P). 


If and only if they coincide, P{P-\-kP) is differentiable at fc = 0. Then we define 

{D,,P){P) = {D+P){P) = {D^P){P). (12.5) 

The derivatives {D^P){P) and hence {Dg,P){P) (when it exists) satisfy 

\{D^P){P) - {D^P){P)\ < WP^-PPI 

\{D,,,P){P) - {D,,,P){P)\ 
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< \\P1-P2\\ 

< \\P1-P2\\ 


( 12 . 6 ) 



as is shown by the following computation in the limit k ±0. 

{P{$ + k<I'i) - P{$)} - {P(<? + fcPa) - P{^)} 
k 

_ P{$ + k'I'i) - P{^ + k’I' 2 ) 

k 

where (9.23) is used for the inequality. If (12.5) holds for all 'P, then P is said to 
be differentiable at <P. Let be the set of all P G Vt where P is differentiable. 

Proposition 12.4. If<PG V^, 

a^{P) = {D^P){P), {PeVr), (12.7) 


defines an a,p G Vf which is the unique tangent of P at <P. Then any solution 
ip of {P, 1)-variational principle satisfies 


ag,(P) = a^{T), 


( 12 . 8 ) 


for all P G Vt, where a^p is given by (12.4). 


Proof. By Theorem 11.7, there is a solution p of the {P, l)-variational principle 
and, by Proposition 12.3, is a tangent of P at P. 

Let a' be any tangent of P at ^ G . We have for fc > 0 


P{<P + kP) 
P{P - kP) 


> P{P)+ka'{P), 

> P{P)-ka'(P). 


Hence 


(Dtpm 

{D^pm 


p(<p+kp)-p(p) 

lim -;- 

k —^+0 k 

, P{P - kp) - pip) 
k —^+0 ( k) 


> a'(P), 
< a'(P). 


By (12.5) for P gV), we obtain 


a\P) = {D^P){P). 


Then a' is unique and (12.8) holds. 


□ 


Lemma 12.5. For each A G Ao such that A = A* = 0(H.), there exists 
Pa G such that 


for all translation invariant states p. 


(12.9) 
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Proof. Let A = A* = 0(yl) G ^(I) for some finite I and 
Ai=A-t(A)1(€ A(I)). 

Since Pic(Ai) = t{Ai)1 = 0, there exists a unique decomposition 

Ai = A(J)Gyl(J), (12.10) 

JCI 

J^0 

Ek(A(J)) = 0 forKTiJ. (12.11) 

To show these formulae, let 

^(J) = ^(-1)''^'-'^'.Bk(g1i) (12.12) 

KCJ 

for all non-empty J C I, a formula in parallel with (5.16). Then 

EAAo = y; A(K) (12.13) 

KCJ 

K7i0 

for J C I by exactly the same computation as Step 1 of the proof of Lemma 5.9. 
(When J = 0, the right-hand side is interpreted as 0 and Eii(Ai) = 0.) We have 

A(J)* = A(J) = 0(A(J)) G yl(J), (12.14) 

because Gl(J) is a real linear combination of Ek(Ai), K C J, and all i?K(^i) 
satisfy the same equation. We note that Step 4 of Lemma 5.9 uses only the 
following properties of U (K) 

C/(0) = 0, t(C/(K)) = 0, l;k(c/(J)) = C/(K), 

for K C J C I, and that all of them are satisfied also by i?K(^i). Therefore, 
(12.11) follows from the same argument as Step 4 of Lemma 5.9. 

We now construct 'f'j G V( for each Gl(J) in (12.10) such that 

eir,{(p) = (p{A{J)) (12.15) 

for all translation invariant states (p. Then by linear dependence of on (p G Vt, 
we obtain for E = X^jci desired relation (12.9): 

= = ^(/?(A(J)) = ip(Ai) = (p{A) - t{A). 

Jci Jci 

We define a potential Ej for each J C I, J ^ 0 by 

EjiJ + m) = Tm(A(J)), (toGZ'"), 

!f'j(K) = 0 if K is not a translate of J. (12.16) 

Due to the property (12.14) and (12.11), Ej belongs to 7^/. We compute 
l^(/?([/^.j(Ca)) = + m); 3 + m C Ca}) 
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where Na is the number of m such that J + to C Co. 

We now show that ^ 1 as a ^ oo. Since J + to C Co is equivalent to 
J C Co — TO, Na is the same as I {a, J) (the number of translates of Co containing 
J). By (8.11), 

r Na Ka, J) ^ 

iTm = ^ 

a^oo \ta\ a^oc |Co| 

Hence 

e^j(<c)= lim -^<f{U^,{Ca)) = 

0^00 |Ca| 


□ 


Corollary 12.6. If {pi and (p 2 are distinct solutions of {<1, 1)-variational prin¬ 
ciple for <P G Vt, then the corresponding tangent of P at are distinct, that is, 

ctipi o:,p2 ■ 

Proof. If ipi ^ (p 2 , there exists an H G .4o such that <pi{A) <P 2 {A). Let A± = 
^{AzL 0(H)). Then A = H+ + H_. Since ipi and (p 2 are translation invariant, 
both of them are 0 -even, and hence (pi{A-) = ip2{A-) = 0. Thus (pi(H_|_) 
ip2{A+). So we may assume that 0 (H) = H. Let Hi = i(H -I- H*),H2 = 
^(H- H*), H = Hi -|-iH2. Then either (/?i(Hi) (/?2(Hi) or v 3 i(H 2 ) ^ 'P2{A2). 

Since H* = Hi and H2 = H2, we may assume H = H* = 0 (H). Let 'Pa G Vl be 
given as in Lemma 12.5 for this H G Ao- Then 

a<^i('fA) = -ei/^(V3i) =-V3i(H)-f t(H) 

^ -(p2iA)-\- t(A) =-e^^((p2) = a^A'^A)- 

Hence A 

Corollary 12.7. For <P G Vf, a solution of {<P, 1)-variational principle is 
unique. 

Proof. This follows from Proposition 12.4 and Corollary 12.6. □ 

We will use the following result in the proof of Theorem 12.11. 

Theorem 12.8. (1) The setVf of points of unique tangent of P is residual (an 
intersection of a countable number of dense open sets) and dense in Vr- 
(2) For any F G Vt, any tangent of P at <P is contained in the weak* closed 
convex hull of the set r(^) which is defined by 

r(<?) = {a G Vf] there exists a net G V) such that — <?|| ^ 0, 

and a<i,^ ^ a in the weak* topology ofVf}, (12.17) 

where is the unique tangent of P at 
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Proof. (1) is Mazur’s theorem [31]. 

(2) is Theorem 1 of [26] where the function / is to be set /('?') = P{<P+’I') for 
our purpose. The proof in [26] is by the Hahn-Banach theorem. (Separability 
of Vr given by Corollary 8.13 is needed for both (1) and (2).) □ 

We now show a bijective correspondence between solutions of the (<?, (3)- 
variational principle and tangents of P at j3‘P. We first prove a lemma about 
stability of solutions of the variational principle under the limiting procedure in 
(12.17). 

Lemma 12.9. Let {^ 7 } he a net in Vt and {^p-y\ he a net consisting of a 
solution (^7 of the (^ 7 , p.y)-variational principle for each index 7 such that 

\\<p^ - <?1| ^0, (<? e Vr), 

ip-f ^ <p G A*P'i in the weak* topolgy of A^P’i- 

Then p is a solution of the {<P, P)-variational principle. 

Proof. By the norm continuity (9.23) of P, the weak* upper semicontinuity 
of s (Theorem 10.3) and the continuous dependence of e^((/?) on (p in the norm 
topology (uniformly in (p) and on ip in the weak* topology (Theorem9.5), we 
have 


P{P'P) = lim P(/ 37 <? 7 ), 

7 

s(,p) > limsups((/ 77 ), 

7 

e^{p) = lime^, ((/? 7 ). 

7 

Since, (/?7 is a solution of the (<^ 7 , / 37 )-variational principle, we have 


PiP'l'^l) ~ -^iVl) P’f^'P-iiP'y)- 


Hence 


P{P'P) < s{p) - Pe${p). 
By the variational inequality (11.10), we have 

P{P<P) = s{p) - Pe,p(p) 


□ 


Theorem 12.10. For any € Vr and P € R, there exists a hijective affine 
map p ^ a,p from the set Kp,!, to the set of all tangents of the functional P at 
P<P, given hy 


a,^{<F) =-ei,{p), FeVr. 


(12.18) 
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Proof. By Remark 1 after Definition 11.6, all solutions of the (^, /?)- and 
1)- variational principle coincide. Furthermore, if (/? is a solution of the 
(^, /3)-variational principle, then 

P(/3^ + !F) > s{ip) - 613,1,+^{ip) 

= s{ip) - I3e${(p) - e^{(p) 

= P{l3'P)+a^{W). 

Namely a^p is a tangent of P at exactly the same statement as for a solution 
<p of the (/3^, l)-variational principle. Therefore, it is enough to prove the case 
of /3 = 1. 

The map p ^ aip \s an affine map from the set of all solutions of (^, 1)- 
variational principle into the set of all tangents of P at The map is injective by 
Corollary 12.6. To show the surjectivity of the map, let a be a tangent of P at <P. 
By Theorem 12.8, there exists a net G Vf such that ||^.y—<?|j ^ 0, and 
a in the weak* topology of Vf, where is the unique tangent of P at 
By Theorem 11.7, there exists a solution (p.y of the (^-y, l)-variational principle. 
By Proposition 12.3, is a tangent of P at (l>.y and hence must coincide with 

the unique tangent Due to the weak* compactness of there exists 

a subnet which converges to some (p G By Lemma 12.9 and 

by ||^^ 7 (p) — ^11 ^ 0, p must be a solution of the (<?, l)-variational principle. 
Furthermore, for any iF G Pt-, we have 

api'R) = -e^{p) 

= afP). 

Hence a = and the map p ^ a^p is surjective. □ 


12.3 Differential KMS Condition from Variational Princi¬ 
ple 

In this subsection, we give a proof for Step 3. 

Theorem 12.11. Let <P G Vt and p he a translation invariant state. If p is a 
solution of {P, 13)-variational principle, then p is a {S,p, f3)-dKMS state, where 
S,p G A(.4o) corresponds to by the bijective linear map of Corollary 8.5. 

Remark. We note that this theorem holds for any G Vt without any further 
assumption on <P and we do not need at. Note that the domain D{5$) is Ao by 
definition. 

First we present some estimate needed in the proof of this theorem in the 
form of the following lemma. 

Lemma 12.12. Let I and J be finite subsets of lA. If A G A(J), then 


[Uil),A] <2||<i>|!.||H||.|inJ|. 


(12.19) 
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Proof. Let Iq be the complement of I n J in 1. Then Iq n J = 0 and hence U (Iq) 
commutes with -4(J)) due to i7(Io) G ^(Io)+ C Since Iq and I n J 

are disjoint and have the union I, the following computation proves (12.19). 


< 

< 


||[C/(I)-C/(Io),Gl]|| 

2||[/(I)-C/(Io)|| ||A|| 

2||<?ll-PII-|inJ|, 


where the last inequality is due to (8.5). 


□ 


Proof of Theorem 12.11 : 

We note that {<P, /3)-variational principle and l)-variational principle are 
the same and { 64 ,, /3)-dKMS condition and { 6 ^ 4 ,, l)-dKMS condition are the 
same. By taking (3T> as a new (p, we only have to prove the case /3 = 1. 

Let (f^ be the translation invariant state defined by (11.23) in the proof of 
Theorem 11.4. Let (p be any accumulation point of {t/^OlaeN- Then this (p is a 
solution of {4>, l)-variational principle as shown in Theorem 11.7. 

For the moment, let us assume <P G Vf (the set oi T> G Vt where P is 
differentiable, defined in § 12.2). Due to the assumption <P G Vf, any accumula¬ 
tion point of {(^OlaeN coincides with the unique solution tp of (<?, l)-variational 
principle, and hence 


lim (^0 = p. (12.20) 

a^cG 

We now prove that the above p satisfies the conditions (C-1) and (C-2) of 
Definition 6.3 for each Ag Aohy using (12.20). 

Let A G ^(I) for a finite subset I of Suppose Co — A: D I (a G N, k G IT). 
Since is the (Ad1)-KMS state on A{Ca — k), we have 

Re(r,>^) (a* [iU{Ca - fc). A]) = 0, (12.21) 

Ixn{T:p:){A*[tU{Ca - k), A]) > s(tIpI{AA*), tIpI{A*A)). (12.22) 

Our strategy of the proof is to replace lyj)) and [iU (Co — fc), A\hy p and 5<|>(A), 
respectively, by using an approximation argument. 

By (4.23) for J Z' there exists a finite subset Je of W for any given e > 0 
such that 


|li7(I)-Aj(i7(I))|| <e, (12.23) 


for all J D Jg. 

Let b be sufficiently large so that there exists a translate Cb — lo of Cb con¬ 
taining both I and Jg. 

We will use the following convenient expression for p^iG which is 

equivalent to (11.23): 


Pa = P Pi 


E 

mGCa 


|Ca| 


E 

mG{Ca+l) 




c 

a 


|Co| ’ 


(12.24) 
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for any I € We will take I = Iq. We divide Co + Iq into the following two 
disjoint subsets when a > b: 


Cl = Ca-b + Iq, C 2 = (Co + lo) \ Cl. 

(12.25) 

Then 


Co - A: D Cb - ^0 D I U Je 

(12.26) 

if A: G Cl, while 


1 ^ 2 ! /, |Ca-b| \ „ 

|Co| " V |Co| J 

(12.27) 

as a ^ 00 . 

For fc e Cl, A{g ^(I)) belongs to ^(Co — k) due to I C Co - 
general property of the conditional expectation, we have 

- k. By using the 

t[U(Ca -k), A] = iEe^_k{[H{Ca -k), A]) = iEc^_k 
= i[Ec^_k[H{l)), A]. 

([^(I)> ^]) 

By (12.23) for J = Co — A:(d Je), this implies 


||z[i7(I), A]-i[U{Ca-k), ^]|| <2£||A||. 


Noting that d<f(£l) = i[iJ(I), A\ , we have 


\\5^{A)-i[U{Ca-k), A]|| <2£P||. 

(12.28) 

It follows from (12.21) and (12.28) that 


^e{Tl^l)(A*5^{A)) <2£pf 

(12.29) 

for A: G Cl. For A: G C 2 , we use the following obvious estimate. 


Re(T,V:)(Gl*d^(Gl)) <||Gl*d,,(Gl)||. 

(12.30) 


Substituting (12.29) and (12.30) into (12.24), we obtain 


k^Cx k^C^, 

< 2£||Af+ g|p*<5^(A)||. 

Taking the limit a —>■ oo and using (12.27), we obtain 

Re(^(^*dg,(^)) < 2ePf. 

Due to arbitrariness of e > 0, we obtain 

Re<^(A*dg,(A)) =0. (12.31) 
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Hence the condition (C-1) holds. 

By (12.22) and (12.28), we have the following inequality for k G Ci, 
Iin(T:^:)(A*S^(A)) > s(t:^:(AA*), t*MA*A)) - 2£||Hf. 
For k G C 2 , we use simply the following estimate. 

Ixnir:^:){A*6^iA))>-\\A6^iA)\\. 


From these inequalities, we obtain 

Im^ (H*(5g>(H)) 




•“(IZ 


A*S4 




k^C2 


^ E slrMiAA*), r*MA*A)) 


keCi 


-2gePf-|||||H<5^(H)||. 


(12.32) 


Due to the estimate (12.27), the last term tends to 0 as a ^ 00 , while the 
second last term tends to —2£||7l|p as a ^ 00 . Due to the convexity of S{-, •) 
in two variables, the hrst term on the right-hand side has the following lower 
bound: 

^ 5(r,>^(HH*), t*MA*A)) > |E^(^'(AH*), ^'(HM)),(12.33) 


where is a state of A dehned by 


= E ^ Bg A. 


|C 


k^C\ 


The difference of the states and can be estimated as 


= 


\c. I ir. I) E \c_ I E 


1 


|Cl| |Ca 


1 


feeCi 


|Ca| 


T-fcV^a 


fcGC2 


1 C 14 


T-fcT’a- 


Hence 


< 2 |E, 

which tends to 0 as a ^ 00 by (12.27). We note 

lim(/3° (AA*) = lim{p‘^{AA*) ={p{AA*) 

a a 

lim(/9° {A*A) = Ymup'^^A*A) =ip{A*A). 
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By the lower semi-continuity of S{-, •), we obtain 


Iminf ipl{A*A)^ > s(^ip{AA*), Lp{A*A)^. (12.34) 

Combining the estimates (12.32), (12.33), (12.34) as well as (12.27), we obtain 
the following inequality in the limit a —>■ oo. 

lnnp{A*S^{A)) > s(ipiAA*), ip{A*A)^ - 2ePf . 

Due to arbitrariness of e, we have 

lmip{A*5.^{A)) > s(ip{AA*), ip{A*A)^, 

for A € Ao- Hence the condition (C-2) holds. 

Thus, we have shown that ip satisfies the ((5<f, l)-dKMS condition if ip is the 
(unique) solution of {<P, l)-variational principle when <P G V^. 

For general <P G Vt, will use the standard argument of the convex analysis 
in the same way as [26], or Theorem 6.2.42 in [17]. 

By Theorem 12.8, any solution of the (<?, l)-variational principle can be ob¬ 
tained by successive use of the following procedures, starting with the unique 
solution of Pa of {(Pa, l)-variational principle for GV^. 

(1) Weak* limits of any converging nets pa such that ||<?q, — <?|| ^ 0. 

(2) Convex combinations of limits obtained in (1). 

(3) Weak* limits of a converging net of states obtained in (2). 

By Lemma 6.6, the conditions (C-1) and (C-2) are stable under these proce¬ 
dures. As we have already shown these conditions for pa when <Pa belongs to 
V^, the same holds for any (p G Vt- Q 

We have now shown Theorem B. 


13 Use of Other Entropy in the Variational Equal¬ 
ity 

We now consider the possibility to replace the mean entropy 5 ( 0 ;) in Theorem 11.4 
by other entropy. We take up the CNT entropy huiir) with respect to the lat¬ 
tice translation automorphism group t as one example. But readers will find 
that any other entropy will do if it has those basic properties of CNT entropy 
which are used in the proof of Theorem 13.2. Note that it is not known whether 
CNT entropy is equal to the mean entropy or not so far, either in some general 
context or in the present case. 

13.1 CNT-Entropy 

The CNT-entropy is introduced by Connes-Narnhofer-Thirring [19] for a single 
automorphism and its invariant state, and is extended by Hudetz [22] to the 
multi-dimensional case of the group generated by a finite number(=i^) of 
commuting automorphisms. We will use the latter extended version for the 
group of lattice translation automorphisms Tm {m gIA). 



For a positive integer k, we consider a finite decomposition of a state lo in 
the state space 

^ (13.1) 

where each i{l) runs over a finite subset of N, / = 1, • • • , /c, and Wj(i)j( 2 ).,,i(fe) is 
a nonzero positive linear functional of A. For each fixed I and i{l), let 


I _ ^ ^ ^ I _ ^ / .. n ri\ 

= , . (Id.2) 

i(0:fixed 

Let r]{x) = —xlogx for x > 0 and 77 ( 0 ) = 0. For finite dimensional subalge- 
bras Ai,A2,---,Ak oi A, the so-called algebraic entropy Hi^{Ai,A2,... ,Ak) is 
defined by 


HuiiAi, A 2 ,..., Ak) 

k 

= sup E V (^^i{l)i{2).. .i{k) -EE<-^(o(i 

1—1 i{l) 

k k 

1=1 1=1 i(l) 


(13.3) 


where the supremum is taken over all finite decompositions (13.1) of w with a 
fixed k. 

If uj is T-invariant, the following limit (denoted by is known to exist 

(as the infimum over a) for any finite dimensional subalgebra N G A, 

Vr(iV)= hm ,r'=(7V),...T“-i>-’“-i(lV)), 

|Ca| 

where there are \Ca\ arguments for H^{- ■ ■) and each of them is t^{N), k GCa- 
Let Ni C N 2 C ■ ■ ■ C Nn C • • • be an increasing sequence of finite algebras 
such that the norm closure is equal to A. By a Kolmogorov-Sinai type 

theorem (Corollary V.4 in [19]), the CNT-entropy huiir) is given by 

hu,{T) = lim h^,r{N„). (13.4) 


13.2 Variational Equality in Terms of CNT-Entropy 

Let Ji,J 2 ,..., Jfe be disjoint finite subsets of with their union J. From Lemma 
VIII.l in [19] it follows that 

(Z(Ji), A{32), ..., Z(Jfc)) < S{iO]). (13.5) 

When UJ is an even ‘product state’, the equality holds as follows (the following 
simple proof is due to a referee). 

Lemma 13.1. Let Ji,J 2 ,..., Jfe be disjoint finite subsets with their union J. Let 
UJ be a Q-even state of A. Assume that uj has the following product property: 

a;(^i 2 l 2 • • • AkB) = uj{Ai)uj{A 2 ) ■ ■ ■ uj{Ak)uj{B), (13.6) 


89 



where Aj is an arbitrary element in A{3j) {j = 1,... ,k) 0,'n-d B is an arbitrary 
element in A{3'^). Then 


k 

H^{A{3i),A{32),...,A{3k))=S{u:3) = Y,SM, (13.7) 

and 

k 

H^{A{3i),A{32),...,A{3k)) =^i7„(^(J0). (13.8) 

Z=1 


Proof. We define 


Ej,(+) = i(id + 0JO. 

Then ... (+)••• is the conditional expectation from A 

onto ^(Ji)+ (g) • • • (g) ^(Jfc)+ g ^(J'^). Since w is a product state for the tensor 
product (^(Ji)+g- • •g^(Jfc)+)g^(J‘^), there exists an w-preserving conditional 
expectation E'^ from (^(Ji)+g- • •g^(Jfc)+)g^(J‘^) onto ^(Ji)+g- • -0^(3^)+. 
Hence 


is an w-preserving conditional expectation from A onto ^(Ji)+ g • • • g ^(Jfc)+. 
Hence 


i7„(^(Jl) + ,^(J2)+,...,^(Jfc) + ) 

— (”^(Jl)+i-^(J2)+5 ■ • ■ )-d(Jfc) + ) 

k 

On the other hand, 

H^{A{3i)+,A{32)+,..-,A{3k)+) < H^{A{3i),A{32),..-,A{3k)) 

< S'(wj). 


□ 

We are now in a position to give the main theorem of this subsection. 
Theorem 13.2. Assume the same conditions on <P as Theorem 11.4- Then 

P(P(p) = sup [h^ir) - (3e${Lo)], (13.9) 

where h^^r) is the CNT-entropy of uj with respect to the lattice translation r. 

Proof. Based on Lemma 13.1, the proof will go in the same as the case of 
quantum lattice systems [32]. Basic properties of the CNT-entropy to which we 
use in the proof are as follows. 

(i) Covariance under an automorphism of A (the adjoint action on states and 
conjugacy action on the shift). 
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(ii) Scaling property under the scaling of the automorphism group. 

(ill) Concave dependence on states. 

Due to (13.5), we have 

hivir) < s{uj), (13.10) 

for any translation invariant state u. Hence the variational inequality (11.10) 
obviously holds when s(uj) is replaced by huiir). 

Due to Lemma 13.1 and the product property of the translation invari¬ 
ant state 1^0 defined in (11.23) will play an identical role as in the proof of 
Theorem 11.4. Therefore the sequence 

{/i^c(r) - es.(^)} 

tends to the supremum value of the variational inequality as a ^ oo. 

Hence the theorem follows. □ 


Remark, (iii) is a general property of CNT-entropy (see e.g. [41]) and is enough 
for the proof. But in the situation of the above proof, the affinity holds due to 
the specific nature of the states to be considered. 

The preceding result is the variational equality. We are then interested in 
the variational principle. 

Proposition 13.3. Suppose that a translation invariant state ip satisfies 

P{P<P) = h^ir) - f3e${ip). (13.11) 

Then p is a solution of the {<P, f3)-variational principle and 

h^ir) = s((/?). (13.12) 

Proof. By (13.5), we have 

s{p) - Pe^^ip) > h^ir) - Pe4>{p) = P{P<T). 

By the variational inequality (11.10), we have 

s{p) - Pe^{p) = P{P<T). (13.13) 

Therefore v? is a solution of the /3)-variational principle. From (13.11) and 
(13.13), we obtain (13.12). 

Remark 1. We have no result about the existence theorem for a solution of the 
variational principle (13.11) in terms of the CNT-entropy for a general <P G Vr 
(like Theorem 11.7) nor the stability of solutions of such a variational principle 
(like Lemma 12.9), the obstacle in applying the usual method being absence of 
any result about weak* upper semicontinuity of hujlr) in to. 

In this sense. Proposition 13.3 is a superficial result, and Theorem 11.4 is 
short of ‘the variational principle’ in terms of the CNT-entropy. See also the 
discussion in Section 4 of [32]. 

Remark 2. Although we have used CNT entropy throughout this section, other 
entropy such as ht^{(j) defined by Choda [18] can be substituted into huiir), 
yielding similar results. 
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14 Discussion 


The following are some of remaining problems about equilibrium statistical me¬ 
chanics of Fermion lattice systems which are not covered in this paper. 

1. Dynamics which does not commute with 0 

Obviously, there is an inner one-parameter group of *-automorphisms which 
does not commute with 0. Examples of outer dynamics not commuting with 
0 can be constructed in the following way (suggested by one of referees). Let 
- be a partition of the lattice into mutually disjoint finite subsets h 
and let ij = Ui<jL. Choose a self-adjoint bi in A{li)- for each i and set ^(Ji) = 
where wj is given by (4.30). By Theorem 4.17(1), they mutually commute 

and ??(Ji) € A{^i-i)' for each i. Hence i = 1,2,-••, are 

mutually commuting dynamics of A, leaving elements of A{3i-i) invariant. 
Hence at = Oti gives a dynamics of A satisfying Oat = a-tO. (Namely, 
its generator anticommutes with 0.) The corresponding potential is given by 
^(I) = 0 if I ^ Ji for any i and <P(I) = ^(Jt) if I = J^. This potential satisfies 
the standardness condition (^-d) if each bi satisfies it for the set h. By looking 
at the behavior of U*^j^atiUn,N) = for Un,N = O^o s-s 

n oo, the dynamics is seen to be outer unless ^^(Ji) is convergent. 

2. Broken 0-invariance of equilibrium states 

In connection with the Gibbs condition, we have shown in § 7.7 that the 
perturbed state either by surface energy or by the local interaction energy sat¬ 
isfies the product property if and only if the equilibrium state is 0-invariant. 
However, we do not know an example of an equilibrium state which is not 0- 
invariant. Existence or non-existence of such a state seems to be an important 
question. It seems to be closely related to the next problem 3. 

Note that any translation invariant state is 0-invariant. So we need broken 
translation invariance of an equilibrium state for its broken 0-invariance. 

3. Local Thermodynamical Stability (LTS) 

In parallel with the case of quantum spin lattice system, one can formulate 
the local stability condition ([10], [39]) for our Eermion lattice system. However, 
there seems to be two choices of the outside system for a local algebra A(I) (I 
finite). (l)The commutant A(I)'. (2) A(F). For the choice (1), all arguments 
in the case of quantum spin lattice systems seem to go through for the Fermion 
lattice system leading to equivalence of LTS with the KMS condition under our 
basic Assumptions (I), (H) and (HI). 

On the other hand, (2) seems to be physically correct choice, although we 
do not have an equivalence proof for (2) so far. 

In this connection, the problem 2 is crucial. If all equilibrium state is 0- 
invariant, then the choice (2) also seems to give the LTS which is equivalent to 
the KMS under our basic assumptions. A paper on this problem is forthcoming 
[15]. 

4. Downstairs Equivalence 

We may say that the dynamics at is working upstairs while its generator 
is working downstairs. In particular, our arena for the downstairs activity is 
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Ao- The stair going upstairs seems to be not wide open. On the other hand, 
there seems to be a lot more room downstairs. There, we have established 
the one-to-one correspondence between (©-invariant) derivations on Ao and 
standard potentials. We have shown that the solution of the variational principle 
(described in terms of a translation covariant potential) satisfies the dKMS 
condition on Ao (described in terms of the corresponding derivation). How 
about the converse. 

There is also the problem of equivalence of LTS condition (in terms of a po¬ 
tential) and the dKMS condition on Ao (in terms of the corresponding deriva¬ 
tion) where the translation invariance is not needed. Some aspects of this prob¬ 
lem will also be included in the forthcoming paper [15]. 


5. Equivalent Potentials 

We have introduced the notion of general potentials and equivalence among 
them in § 5.5. Our theory is developed only for the unique standard potential 
among each equivalence class. Natural questions about general potentials arise. 

Does the existence of the limits defining the pressure P{l3<P) and the mean 
energy e^{(f) hold also for translation covariant general potentials Assuming 
the existence, are the P{P^) and e${ip) the same as those for the unique standard 
potential equivalent to If they are different, how about the solution of 
their variational principle? 

We give a partial answer to these questions. 

Proposition 14.1. Let <P be a translation covariant potential (which satisfies 
(^-a,b,c,e,f) by definition) fulfilling the following additional condition: the sur¬ 
face energy 

W^{1)= lim V{<l>(K);Knl7^0, KnlV0, KC J}. (14.1) 


satisfies 


v.H. lim 

I—»-oo 


|I| 


= 0 . 


(14.2) 


Let <Ps be the standard potential (in Vr) which is equivalent to th. Then both 
van Hove limits defining P{I3'P) and eg>(w) for all to G A*jfii exist if and only if 


= v.H. lim 

I—^OO 


|I| 


(14.3) 


exists. 

If this is the case, then the following relations hold 

P{(3<L) = v.H. lim — logTrAe”^'^*'^^) 

I—>CXD |i| 

= v.H. lim ^logTri(e-^^(^)) 

I—|i| 

= Pifi^s) - (14.4) 


93 



e^(aj) = v.H. lim —a;(i/(I)) 

1^00 |I| ' ' 

= e^Jcj) + C^. (14.5) 

Furthermore, {<P, (3)- and (^s, [3)- variational principle give the same set of 
solutions. 

Remark. If t(<?(I)) = 0 for all I, then (14.3) exists and C'.j. = 0. Hence P{I3<I>) = 
P{(3<Ps) and e$(w) = eci,^(Lo). This can be achieved for any general potential 
by changing it to = <? — <Pq where <Pq is a scalar-valued potential given by 

<I>o(I) =t(<I>(I))1. 

Proof. Since and are equivalent, we have 

H^{1) - e Aiiy. 

Since i?<f(I) — (I) is 0-even by (d^-c) for <l> and we have 

H^(l) - H^i,^ (I) e A{r)+. (14.6) 


Hence, 

U.p{l) - U.p,(l) = Ei{U.pil) - 

= El{H,p (I) - (I)) -Ei{W.p (I) - (I)) 

= - i?i(H^^(I) - H^^.(I)), 

due to (14.6). By t(H,p^(1)) = 0 and £li(IT<ii, (I)) = 0 due to (??-d), we have 

U^(I) - U4>A^) = r(ff<p(I)) - Ei(W4,(I)). 

By (14.2), we have 

v.H. ^hm 1|| t/„(I) - (I) - r (H„(I)) || = 0. 

Also by (14.2), 

v.H. lim -^||i?s.(I) - {7<z>(I)|| =0. 

I—*oo 1 


Hence (14.5) follows: 

v.H. lim —u;(ff<p(I)) = v.H. lim T^a;({7<i>(I)) 

I—»-oo 1 1^00 1 


= V.H. lim -^a;(l7<z>^(I)) -|-v.H. lim 

1^00 |I| ' ' 1^00 |I| ^ ' 

= 64 ,^ -I-V.H. lim -^T(i7i,(I)). 

1^00 I ^ ' 
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We also have 


^.H. lim — logTri(e 

I^CXD I 


which shows (14.4). 


v.H. lim — logTri(e 
1^00 |I| 

P{P^s) - /3|v.H. ^hm ■i^T(i7i,(I)) 

□ 


Remark. Suppose that <!> satisfies {‘P-a), and 

^||<I>(I)|| <oo. (14.7) 

190 


Then it satisfies (<^-e) automatically and is a general potential. Furthermore, 
(14.2) is known to be satisfied (the same proof as LemmaQ.l holds except for 
estimates (9.2) (9.3), (9.4) and (9.5) which follow from the absolute convergence 
of (14.7) due to (7.12)) and 


= v.H. lim 

I—>oo 




= v.H. lim 

I^CXD 


-(t/^(I)) 


= eg,(r) 


(14.8) 


is known to converge. (The same proof as Theorem 9.5 holds except for a mod¬ 
ification of proof of some estimates for Lemma 9.2 on the basis of the absolute 
convergence of (14.7). See also e.g. Proposition 6.2.39 of [17].) 

Therefore (14.4) and (14.5) hold and the solutions of /?)- and (<?«, 0)- 
variational principle coincide. 
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A Appendix: Van Hove Limit 

For the sake of mathematical precision, we present some digression about Van 
Hove limit. 


A.l Van Hove Net 


We introduce mutually equivalent two types of conditions for the van Hove limit. 
First we start with our notation about the shapes of regions of which will 
be used hereafter. Recall that Ca is a cube of size a given by (8.8). For a finite 
subset I of and a G N, let n+ (I) be the smallest number of translates of Ca 
whose union covers I, while n~ (I) be the largest number of mutually disjoint 
translates of Ca that can be packed in I. 

Let Br{n) be a closed ball in 1^) with the center n € and the 

radius r G M. Denote the surface of I with a thickness r(> 0) by 

surfr(I) = |n G I; Br{{n}) n F ^ 0|. (A.l) 

In what follows, we consider a net of finite subsets la of Z*^ where the set of 
indices a is a directed set. Its partial ordering need not have any relation with 
the set inclusion partial ordering of Iq, . 


Lemma A.l. For a net of finite subsets Iq, oflF, the following two conditions 
are equivalent : 

{!) For any a G N, 


{2) For any r > 0, 


lim 

a 


ng (Iq) 
nj(la) 


= 1 . 


lim ■ 


surR(Ia) 


= 0 


(A.2) 


(A.3) 


Proof. (!) (2): 

Let e > 0 and r > 0 be given. Let a G N be sufficiently large so that a > 2r + 1 
and 


ei = I - 


(^) 


e 


< 2 ’ 


where [5] indicates the maximal integer not exceeding b. 

By the condition {1 ), there exists an index of the net {Iq} such that, for 
a ^ CToj 


£2 = 1 - 


n. 


■(Ic) 


■(lo) 


< 


Let Di,..., Dn, with N = n“(lQ), be mutually disjoint translates of Ca con¬ 
tained in la- 

Let D[ be a translate of C[a- 2 r] placed in Di with a distance larger than r 
from the complement of Di in IF for each i = I,..., N which exists. Then 


m 

|A| 


( 1 ^) 


= 1 - £ 1 . 
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Let D be the union oi Di,... ,Dm and D' be the union of ,..., D'j^. Then 


1^1 


\m 

\D\ 


1 - (1 - ei) = £ 1 . 


Since n+(lQ) translates of Ca covers Iq-, we have 


|Ia| < n+(I„)|Ca| = n+(I„)a'^. 


Hence 

|Ia\^l , \D\ ^ , \D\ . n"(I„) 

|Ia| |Ia| “ n+(Ia)a'" n+(Ia) 

Due to Iq. D D, 

\D\D'\ ^ \D\D'\ _ 

|Ia| - \D\ 

By construction, the distance between D[ and the complement of Di (in 'L'') is 
larger than r, and hence the distance between D[ and the complement of Iq is 
larger than r. Thus, 


surf,(lQ) c Iq \ D' = (D \ D') U (!« \ D). 


For a > 00 7 we obtain 


|surfr(lQ)| 

|Ia| 




Now {1) {2) is proved. 

Let £ > 0 and a G N be given. Take r > ^Jva. Let oo be an index of the net la 
such that, for a> 


I surf,. (Iq) I ^ 

|i,i 

The translates Ca + an of Ca are disjoint for distinct n S and their union 
over n G Z*^ is Z*^. Let Oq be the union of all those Co + an contained in Iq 
and Ni be their number. Let Oq be the union of all those Co + an which have 
non-empty intersections with both Iq and (Iq)'^, and N 2 be their number. From 
the construction, the following estimates follow 


Ni < n-(lQ) < n+(lQ) < + N 2 . 

Furthermore, since Ca + an in O'^ contains a point in Iq as well as a point in 
(Iq)°, and the distance of any two points in it is at most y/na < r, it has a 
non-empty intersection with Iq, which is contained in surfr(Ia). Therefore, 

|surf,.(lQ)| > N2 = {Ni + N2) - Ni 
> n+(lQ) - n-(lQ). 
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We have also 


|Io|<n+(I„)|Ca|=n+(Ua^ 


Combining above estimates, we obtain for a > ao 


0 < 

< 

< 


^ (Ig) _ (Iq) 

|surfr(Ia)|o'^ 

N 


Hence, (2) (1) is now proved. 


□ 


Definition A. 2. If a net of finite subsets {!„} satisfies the above condition (1) 
(or equivalently {2)), then it is said to he a van Hove net (in 1/). 

We introduce the third condition on a net of finite subsets la of 
(3) For any hnite subset 1 of there exists an index ao such that 1 q D I for 
all a > Oo- 

Definition A. 3. If a net {Iq-} (in Z'') satisfies the conditions (1) (or equiva¬ 
lently (2) ) and (3), then it is said to he a van Hove net tending to Z''. 

Remark. The condition {!) (or equivalently {2) ) does not imply the condition 
(5). {C„}„gN of (8.8) is obviously a van Hove sequence. But it does not cover 
the whole Z''. Hence it is not a van Hove sequence tending to Z''. 

Lemma A. 4. For any van Hove net and for any van Hove net tending to Z'^, 
the directed set can not have a maximal element. 

Proof. Let {lajaeA be a van Hove net where A is a directed set of indices. We 
show that for any Oo G A, there exists a' G A satisfying a' > ao, a' ^ ao. 

In fact, for a given ao, there exist 0 ( 00 ) G N and n G Z*^ such that 

Icto C — m 

and hence 

n~, AIq, ) = 0. 

a{Q;o) V “o / 

On the other hand, for the above a(ao) G N there exists ax such that 

^ , 1 
na(ao)(I«) 2 

for all a > a\, since {laKa G A) is a van Hove net. 

For any a' G A satisfying both a' > ax and a' > ao, we have yf 0 

due to a' > ax, and hence a' yf ao. We have shown the existence of a desired 
a'. 

A van Hove net tending to Z'^ is a special case of a van Hove net. Hence the 
assertion for this case obviously follows. □ 
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A.2 Van Hove Limit 

Let /(I) be an R-valued function of finite subsets I of We first show the 
following lemma which asserts the independence of the limit on the choice of 
van Hove net (van Hove net tending to Z"^) when /(Iq) has a limit for any van 
Hove net (van Hove net tending to Z"^) {Iq}. 

Lemma A. 5. ///(!«) has a limit for any van Hove net {Iq}, then its limit is 
independent of such a net. 

If fi^a) has a limit for any van Hove net {!„} tending to 7/', then its limit 
is independent of such a net. 

Proof. Let and be two van Hove nets where A and B are 

directed sets of indices. We introduce a new index set 

C = |(a, /?, i); a € A, P G B, i = 1, 2| 

with the partial ordering 


ia,P,i) > (a,P',i') 

either if a > o' and /3 > /?' or if a = o', /3 = /?' and i > i'. 

For any (ai,/3i,ii) G C and (q; 2 ,/? 2 ,* 2 ) G C, there exist a G A and /3 G H 
such that a > ai, a > a 2 , P > Pi, P > P 2 , because A and B are directed sets 
without maximal elements due to Lemma A.4. Hence {a,P,2){G C) obviously 
satisfies 


(a,/3,2) > (ai,/3iAi), 


(a,/3, 2) > {a2,P2,i2)- 


So C is a directed set. 
Let 




if * = 1, 

if i = 2. 


Since {I^} and {l|} are van Hove nets, there exists Oo G A and Po G B for any 
d > 0 and e > 0 such that 


|surfd(I;^)| 

|Iil 

|surfd(l|)| 

|I|I 


if a > Oo 
ii P> Po- 


Set 7o = {oio,Po, 1). For any 7 = {a,P,i) > 70, we have obviously a > Oo and 
/3 > /3o by the definition of the ordering. Hence, 


|surfd(I^)| ^ ^ [ |surfd(li )| |surfd(I^)| ] 

ILI - 1 |iil ’ |i|l J 


Thus is also a van Hove net. If {l(j} and {l|} are van Hove nets tending 

to 7^, then {1.^} is also a van Hove net tending to 7^ by its definition. 
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Since {I-yj-ygc’ is a van Hove net (van Hove net tending to Z^), / has the 
following limit by the assumption on / 

/oo = lim{/(I^), 7 G C}. 

7 

Thus for any e, there exists a 70 = (cuo, /?o, 1) or 70 = (cvo, /?o, 2) such that 

1/00 - /(C)! < e 

for 7 > 7 o- This inequality holds especially for 7 = (a,/?, 1) > 70 with a > ao 
and P > Po- For this 7, and hence /(I 7 ) = /(la)- Thus we have 

|/oo-/(li)|<e 

for Of > Oo- Therefore, we obtain 

foo =lim/(li). 

OL 

Similarly, 

/oo = lim/(l|). 

Now we have shown that the limit is the same for and Hence 

the independence of the limit on the choice of the net follows. □ 


Definition A. 6 . If /(!«) has a limit for any van Hove net {Ia}> then /(I) is 
said to have the van Hove limit for large I, and its limit is denoted by 

v.H. lim /(I). (A-4) 

I—»^oo 

///(la) has a limit for any van Hove net {!„} tending to then /(I) is said 
to have the van Hove limit for I tending to ly, and its limit is denoted by 


v.H. lim /(I). (A-5) 

In general, the first condition is stronger than the second. If /(I) is transla¬ 
tion invariant, however, the existence of the two limits are equivalent as shown 
below. 

Lemma A.7. ///(I) is translation invariant in the sense that 

/(I + n) = /(I) 


for any finite subset I of and n G , then /(I) has the van Hove limit for 
large I if and only if f has the van Hove limit for I tending to Z''. 


Proof. The only if part is obvious. Let {lajaeA be an arbitrary van Hove net. 
Let a{a) be the largest integer a such that a translate of Ca is contained in 
Let Ca(a) + n C la and hence Ca(a) C la — n. Now we shift an approximate 
center of Ca(a) to the origin of Z'^ and simultaneously shift la — n by the same 
amount. More precisely, la — n is shifted to 


I„ = la — n — 


a{a) — 1 


(I,--- ,1). 
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Obviously, 


|surfd(I^)| _ |surfd(Ia)| 

|I'J “ |Io| 


for all d > 0 and a € A. 

We show that this {Iq}(q; G A) is tending to lA . Let I be a finite subset 
of lA. For sufficiently large integer a, I C For this a, there exists ai 

such that n”(lQ,) > 0 for a > oi. Then a(a) > a and 


I' OC 


(«)-[■ 


»(■»)-! 


oc 


D I 


for a > ai- Thus {Ia}(a G A) is a van Hove net tending to Z''. Since / is 
translation invariant, 

/(la) = /(la)- 

By the assumption that / has the van Hove limit tending to Z", lima/(I^) 
exists, and hence lima /(la) exists. □ 


104 



